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Abstract. Networks with phase-valued nodal variables are central in modeling several impor-
tant societal and physical systems, including power grids, biological systems, and coupled oscillator
networks. One of the distinctive features of phase-valued networks is the existence of multiple oper-
ating conditions corresponding to critical points of an energy function or feasible flows of a balance
equation. For a network with phase-valued states, it is not yet fully understood how many operating
conditions exist, how to characterize them, and how to compute them efficiently. A deeper under-
standing of feasible operating conditions, including their dependence upon network structures, may
lead to more reliable and efficient network systems.
This paper introduces flow and elastic network problems on the n-torus and provides a rigorous
and comprehensive framework for their study. Based on a monotonicity assumption, this framework
localizes the solutions, bounds their number, and leads to an algorithm to compute them. Our
analysis is based on a novel winding partition of the n-torus into winding cells, induced by Kirchhoff’s
angle law for undirected graphs. The winding partition has several useful properties, including
notably that, each winding cell contains at most one solution. The proposed algorithm is based
on a novel contraction mapping and is guaranteed to compute all solutions. Finally, we apply our
results to numerically study the active power flow equations in several test cases and estimate power
capacity and congestion of a power network.
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1. Introduction.
Problem statement and motivation. Complex networks are ubiquitous in
both the natural and engineered world. In many systems, quantities of interest can
be represented as nodal variables and their relationships as edges of an underlying
graph. Nodal variables are typically real-valued, representing quantities like mass,
density, or potential. However, in some important applications, nodal variables are
better modeled as phases (i.e., as points in S1), representing the nodes’ positions
along some closed path. In these systems, the network state belongs to the n-torus
Tn, instead of the Euclidean space Rn, so we refer to them as networks on the n-
torus. Due to the geometry of the configuration space, networks on the n-torus can
have categorically different behavior than those with real-valued variables and so a
careful study of these networks is warranted.
A network system on the n-torus is defined by a weighted undirected graph and
a nonlinear coupling law imposing a quantitative relationship between adjacent nodal
variables. We focus on networks where each edge is associated with a physical quantity,
where the quantity on an edge depends on the incident phases, and where balance
equations on these quantities implicitly constrain the nodal phases. We introduce
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two classes of networks of this description, flow networks and elastic networks, which
include many important network systems on the n-torus.
In flow networks, the edge quantity is a commodity that is exchanged between
adjacent nodes. The direction and magnitude of this flow is determined by the cou-
pling law as a function of the phase difference between adjacent nodes. Flows must
satisfy a balance equation, asserting that total outflow must equal to the total inflow
at each node (including flows to or from the external environment). Flow networks
on the n-torus arises in chemical oscillations [57, 36], where the commodity is mass.
They also arise in models of AC power networks [5], droop-controlled inverters in mi-
crogrids [67], and networks of pacemaker cells in the heart [49], where the commodity
is electricity. Models of brain networks [73], deep brain stimulation [69], and social
influence systems [62] can also take the form of a flow network on the n-torus, with
more abstract commodities like information and opinions.
In elastic networks, the edge quantities are interaction energies giving rise to
forces on nodes. The energy of an edge is a function of the phase difference between
the adjacent nodes. Elastic networks on the n-torus are present in many engineering
systems, including vehicle coordination [61, 65], nullforming in wireless networks [35],
and nanoelectromechanical oscillator networks [43]. They arise in physics in the con-
text of solid-state circuits [52], spin glass models [13], and Josephson junctions in
quantum mechanics [76]. They can also model collective behavior in biological net-
works [74]. When an elastic network is in steady-state, the forces arising from these
potential energies must cancel out with external forces, resulting in a force balance
equation.
This paper focuses on characterizing and computing the solutions of flow and
elastic network problems on the n-torus, i.e., the set of nodal phases that are consistent
with the coupling laws and balance constraints. The solutions of a flow network
problem reveal the directions and magnitudes of commodity flows within the network,
given the external flows at each node. Similarly, solutions of an elastic network reveal
the possible steady-state energies and forces along edges, given external forces at
each node. In both cases, solving the network’s coupling and balance equations is
necessary to determine the possible configurations of the system under a given input.
These solutions can be critical points of an optimization problem, equilibrium points
of an ordinary differential equations, or solutions to constrained nonlinear algebraic
equations. A notable example of these solutions is the frequency synchronized states
in coupled oscillator networks.
It is important to note that, unlike problems defined over Euclidean space, the
geometry of the n-torus naturally leads to the possible existence of multiple solutions.
Indeed, solutions of flow and elastic networks are easily cast as zeros of a continuous
map from Tn to Rn and the Poincare´–Hopf Theorem [50] forbids uniqueness of such
zeros. In practical applications, the existence of multiple feasible operating conditions
is important, since this multiplicity may cause ambiguity in planning, controlling,
predicting, and monitoring operations.
In summary, motivated by the applications and the complexity of network systems
on the n-torus, this paper proposes a framework to characterize and compute the
solutions to flow and elastic networks. Specifically, we will develop rigorous answers
to the following fundamental questions:
Q1: How many solutions exist for a flow or elastic network as a function of all system
parameters?
Q2: How can the solutions be distinguished, characterized and localized?
Q3: Is there an efficient algorithm with convergence guarantees to compute all solu-
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Additionally, in many network problems, the edge variables themselves are often
more interesting than the underlying nodal phases. In flow networks, edge variables
are important for understanding the capacity of the network to transmit a commodity.
In elastic networks, edge variables reveal the criticality of constraints. Therefore, we
aim to understand how different solutions lead to different patterns of edge variables
and will focus on the following additional questions:
Q4: How do different solutions lead to different properties of edge variables?
Q5: What is the maximum transmission capacity of a network as a function of net-
work parameters?
Applications. In the following paragraphs, we briefly study some applications
of the flow network problems and the elastic network problems on the n-torus.
Active power flow equations. A power system is a network consists of gener-
ation, consumption, and transmission of energy. While power networks usually have
transient and switching components, they are predominantly at or close to a steady
state operating condition. Computing the steady states of power networks is an essen-
tial operational task not only for design and security of the grid but also for economic
considerations. The steady states of power networks are described by a set of non-
linear algebraic equations called the power flow equations. The power flow equations
describe the connection between the power injections/demands and the voltages at
different points of the network. The topology of a power network can be described by
a graph G whose nodes are generators or consumers in the grid and whose lines are
transmission lines. For lossless AC circuits, under the assumption of constant voltage
magnitudes, the so-called active power flow equation is
pi = n∑
j=1YijViVj sin(θi − θj),(1.1)
where Yij is the line susceptance and Vi, θi are the voltage magnitude and voltage
phase at node i. In practice, the power transmitted on a power line is limited by
thermal constraints. In this context, the angular difference θi − θj is called the power
angle of the line {i, j} and the line thermal constraints can be expressed as
∣θi − θj ∣ ≤ γ, for all (i, j) ∈ E ,(1.2)
for some maximum power angle γ ∈ [0, pi
2
). Using the active power flow equations (1.1),
a power network can be considered as a flow network on the n-torus, where the
commodity flowing between nodes is electric power and its magnitude is proportional
to the sine of the voltage angle difference between the end nodes.
An important feature in stability analysis of power grids is the existence of mul-
tistable synchronous flows in the network. Even with a fixed set of power injections
and a fixed topology, the active power flow equation can admit several solutions,
corresponding to several stable operating points. It is well-known that the transi-
tion between these distinct stable operating points is usually accompanied by large
changes in the circulating power flows (also known as loop flows). Several mechanisms
for this shift in the system’s stable operating points have been identified. In some
cases, changes in the distribution of power injections (and withdrawals) across the
network cause the stable operating point to change. In other cases, it result from
changes in network topology—either when a line trips, destroying a cycle; or when a
previously open line is closed, creating a new cycle [10].
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Circulating flows are regarded as both a blessing and a curse to power trans-
mission. In some cases, they are undesirable—circulating flows do not deliver usable
power to customers, but they have the potential to increase power losses, threaten the
system’s stability and security by increasing line congestion, and cause pricing volatil-
ity. However, in other cases, circulating flows actually increase the transmission capac-
ity of a network along certain pathways. The Lake Erie loop, which consists of roughly
1000 miles of transmission lines through Ontario and five American states, is a classic
example of the challenge that circulating flows present to power grid stability [24].
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3. Loop Flows 
“Loop flows” occur when the path over which power physically flows does not correspond to the path over 
which the power was scheduled to flow. Loop flows are difficult to predict and control. Electricity flowing 
between a generator and a consumer travels via the path of least resistance. Grid operators (ISOs and 
RTOs) must carefully balance power supplied to the system with power used by customers so that 
transmission lines are not overloaded and customers are served reliably.  
The Lake Erie loop flow occurs on the roughly 1,000 miles of interconnected bulk power transmission 
lines that surround Lake Erie. These transmission lines run through the states of New York, 
Pennsylvania, Ohio, Michigan and the Canadian province of Ontario, and traverse the jurisdictions of 
several grid operators, including the NYISO, PJM, IESO, and Midwest Independent Transmission System 
Operator, Inc. (“MISO”). 
Loop flows on the bulk power system are complex and ordinarily occur as the result of a combination of 
factors, including: 
 Scheduling of energy transactions between the areas controlled by grid operators  
 Scheduling electricity supply within each grid operator’s system 
 Demand for electricity within each grid operator’s system 
 Transmission outages 
 Generation outages 
 
Loop flows occur in all interconnected transmission systems, as the flow of electricity follows physical 
laws. Loop flow around Lake Erie 
is a longstanding and expected 
phenomenon. Lake Erie loop flows 
may present an operational 
concern depending on the 
magnitude of the loop flow and 
operation circumstances affecting 
the grid operators adjacent to the 
Lake.  
Over the past several years, Lake 
Erie loop flows have, on average, 
occurred in a counter-clockwise 
direction. However, the general 
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Michigan, making the Detroi  area more reliant on 345-kV lines west and northwest of Detroit, and from 
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Figure IV.4 — Power Flows at 16:05:57, Prior to the Sammis-Star Trip 
 
Soon after the Sammis-Star trip, four of the five 48 MW Handsome Lake combustion turbines in western 
Pennsylvania tripped off-line.  These units are connected to the 345-kV system by the Homer City-Wayne 
345-kV line, and were operating that day as synchronous condensers to participate in PJM’s spinning 
reserve market (not to provide voltage support).  When Sammis-Star tripped and increased loadings on 
the local transmission system, the Handsome Lake units were close enough electrically to sense the 
impact and tripped off-line at 16:07:00 on under-voltage relay pr tectio . 
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Fig. 1: (a) and (b) show the dramatic change in
power flow pattern before and after the Sammis-
Star Trip in the US 2003 blackout [70]. (c) shows
the large loop-flow around Lake Erie in December
2007 [71].
For instance, the 2003 US Northeast
blackout began with a unpredictable
and volatile shift in the direction
of the flow around the Lake Erie
loop. As a second example, starting
in 2008, volatility and unexpected
changes in the direction and mag-
nitude of loop flows around the lake
were observed [71]; these phenom-
ena increased the west-to-east trans-
mission congestion and the whole-
sale electricity costs in the New York
area. Therefore, in order to understand circulant flows, it is critical to characterize
their emergence as a function of equilibrium power flows and, in turn, of power injec-
tions and topology. In summary, the historical precedence for circulant flows causing
catastrophic system failure, as well as their paradoxical nature as both a hindrance
and a boon to power transmission, motivate a theoretical understanding of different
operating points of the system and their loop flows.
Collective motion in engineering and biology. The emergence of ordered
movements in networks of self-propelled agents is ubiquitous in nature and engineer-
ing. Examples include collective motions in flocks of birds, schools of fish, colonies
of bacteria [60], networks of autonomous robots [38], and telecommunication net-
works [75]. In biological and engineering systems, agents often achieve collective
decisions based on their interactions with other group member. For a group of agents
moving with unit speed on a two-dimensional plane, the motion of each agent can
be described using its position rk = xk + iyk ∈ C ≃ R2, its heading angle θk ∈ S1, and
a steering control law uk = uk(r, θ) depending on the position and heading angles of
other agents in the group. The motion of agent k in the group is given by:
r˙k = eiθk , θ˙k = uk(r, θ).(1.3)
The interaction among the agents is described by a graph G with the node set V ={1, . . . , n} and the edge set E determined by the communication and sensing patterns.
In biological networks, patterns of collective motions emerge for different impli-
cations such as predator avoidance, social foraging, and mate selection [75, 59]. In
engineering networks, different patterns of collective motions are designed to perform
various tasks such as surveillance and tracking [61]. For the networks of agents de-
scribed by (1.3), one of the well-studied forms of collective motion is flocking, where
particles end up reaching consensus on their heading angles. Flocking has been ex-
tensively studies in biological systems, such as herds of birds and school of fish, flock-
ing [12] and in engineering networks, such as autonomous robots, synthetic animals,
and distributed wireless networks [30]. A second important type of collective motion
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for the network (1.3) is the so-called circular motion (or vortex motion). In circular
motion, agents exhibit periodic movements around a circle, where their heading are
different vertices on the circle [38]. It turns out that in circular motions, the heading
of the agents satisfy a balance equation and, in the most simplified case, the particles
end up being equally distanced on the circle, a configuration which is usually referred
to as splay state.
A relevant notion in collective motion of the network (1.3) is the so-called [61]
spacing potential :
U(θ) = ∑(k,j)∈E(1 − cos(θk − θj)).(1.4)
In general the spacing potential has several critical points and its global maximum and
minimum are achieved for the circular motion and flocking, respectively [38]. With
this energy function, the network of particles can be considered an elastic network on
the n-torus where the elastic energy at each edge (k, j) is given by 1 − cos(θk − θj).
The main question is then to design control laws uk, for which the trajectories of the
system (1.3) converge to one of these collective motions. In his classical work, Vicsek
et al [74] showed that motion patterns arise if the control law uk = uk(r, θ) depends
on the relative phase headings of neighboring particles. [38] propose a gradient flow
controller uk = ω0−κ∂U(θ)∂θk , depending upon two scalars ω0, κ ∈ R, to achieve collective
motions. The resulting equations of motion for agent k is:
θ˙k = ω0 + κ ∑(j,k)∈E sin(θk − θj).(1.5)
The emergence of different motion patterns for dynamics (1.5) for various values of
ω0 and κ is illustrated in Figure 2.
(a) (b) (c) (d) (e)
✓
r
Fig. 2: (a) shows the configuration of a robotic agent in the plane. We consider a network
of n = 6 identical robots with all-to-all interactions satisfying the dynamics (1.5). (b) and
(c) illustrates the trajectories of the system for ω0 = 1 with κ > 0 and κ < 0, respectively. (d)
and (e) illustrates the trajectories of the system for ω0 = 0 with κ > 0 and κ < 0, respectively.
In general, the energy function approach can be used to study and design more
complicated patterns of collective motion in networks of agents. The idea is to utilize
appropriate stabilizing control laws to steer the system to desired critical points of the
energy function [38]. However, existence of other stable critical points for the energy
function is one of the main challenges in the analysis and design of these control laws.
In particular, the existence of other critical points of the energy function may lead
to dramatically different transient and the steady-state behavior of the closed-loop
system. As a result, it is essential to develop theoretical methods for studying the
existence and stability of all the critical points of the energy function.
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Coupled oscillators and associative memory networks. Synchronization
in networks of coupled oscillators is an emerging phenomenon with important appli-
cations in biology, physics, and engineering. The celebrated Kuramoto model is one of
the simplest coupled-oscillator model exhibiting synchronization. In this model, each
oscillator has a phase θi ∈ S1 and a natural frequency ωi ∈ R; the interactions between
oscillators are described by a weighted undirected graph G, whose edge weights aij
denote the coupling strength between oscillators i and j. The dynamics of the ith
oscillator in Kuramoto model is given by:
θ˙i = ωi − n∑
j=1aij sin(θi − θj)(1.6)
Under certain constraints, the frequency synchronized solutions of the Kuramoto
model are the solutions of a flow network problem on the n-torus. While Kuramoto
model is the locally canonical model for weakly diffusively coupled oscillators [26],
more general models for coupled oscillator networks have been proposed in the lit-
erature. Kuramoto model and its generalizations have been successfully applied to
model a broad range of systems and study their synchronization. We refer to the
surveys [2, 4] for several examples of these applications. In the next paragraph, we
focus on one of these applications which is associative memory networks.
Associative memory is a type of content-addressable memory for recognizing spe-
cial patterns using sufficient partial information. One of the approaches for designing
associative memory networks is to use artificial neural networks. In [25], Hopfield pro-
posed to consider patterns of memory as dynamically stable attractors. Motivated by
this idea, there has been several research on oscillatory models of artificial neural net-
works as associative memory systems [11, 3, 27, 78, 58]. [27] introduces phase-locked
loop neural networks to design a memory system using first order coupled oscilla-
tors (1.6). Later in [58], this idea has been extended by including the higher order
coupling terms, which leads to the following coupled oscillator model for associative
memory networks:
θ˙i = n∑
j=1aij sin(θi − θj) + n n∑j=1 sin(2(θi − θj)),(1.7)
where  > 0 and the couplings are designed based on Hebb’s learning rule aij =
1
n ∑pk=1 ξki ξkj , with p being the number of patterns to be memorize and ξk = (ξk1 , . . . , ξkn)
being a pattern with the property that ξki = ±1, for every k ∈ {1, . . . , p} and every
i ∈ {1, . . . , n}. The coupled oscillator network (1.7) give rise to a flow network on the
n-torus with higher order flow functions. The network (1.7) has at least 2n equilib-
rium points corresponding the all possible binary patterns of length n. Therefore,
the binary patterns can be encoded in the frequency synchronized solutions of the
coupled oscillator network (1.7). One of the important measures of performance of an
associative memory network is its capacity, i.e., the maximum number of the patterns
that can be memorized. In the context of coupled oscillator network (1.7), capacity is
the maximum number of p, for which the frequency synchronized solutions associated
to {ξ1, . . . , ξp} are locally stable [58]. Another relevant measure of performance for a
memory pattern in the model (1.7) is its basin of attraction, which is defined as the
region of attraction of its associated frequency synchronized solutions. Therefore, to
study the performance of the associative memory network (1.7), it is essential to de-
velop a theoretical framework for computing and analyzing the stability of frequency
synchronized solutions of (1.7).
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Literature review. In the physics community, much effort has focused on study-
ing the stable equilibrium points for the Kuramoto model. To our knowledge, [18]
is the first paper that studies the multistability in a network of oscillators with ring
topology. An algorithm to compute all multistable equilibrium points in a ring net-
work of coupled oscillators is proposed by [64]. The region of attraction of multistable
equilibrium points on a k-nearest neighbor graphs is studied in [77]. Related works
include the study of multistability in the generalized Kuramoto model in small world
graph [44] and in Cayley graphs [46]. For other coupled oscillators models, the pa-
per [58] studies the stability and basin of attraction of a Kuramoto model with second
order couplings. In the power network community, this problem has been examined
as the multiplicity of solutions to active power flow equations. [34] is the first paper
to rigorously study multistability and establish that the active power flow equations
have multistable solutions on a 6-node cycle network with balanced power injections.
Several papers [10, 14, 32] have investigated mechanisms that create large loop flows
and have shown that loop flows will persist even when the network returns to its
normal operating condition. In [10], the basins of attraction for loop flows has been
studied using Lyapunov theory. The papers [10, 14, 32] acknowledge the connection
between loop flows and winding numbers of the cycles in the graph. In [42], the no-
tion of winding vector for an arbitrary graph is introduced as the sum of the phase
differences along a cycle basis. Moreover, it is shown that for a planar graph, there is
a one-to-one correspondence between the winding vectors and the equilibrium points
of the Kuramoto model with phase differences less than pi/2 [42, Lemma 3]. Finally,
by identifying the equilibrium points of the Kuramoto model with the lattice points
in a suitable set, an asymptotic estimate on the number of equilibrium points of the
Kuramoto model is proposed in [19].
In the literature, many numerical algorithms have been developed to compute
exactly and approximately the equilibrium points of the Kuramoto model, i.e., so-
lutions of the active power flow equations. In [48], a numerical method based on
parameter homotopy is developed, which is guaranteed to find all the solutions of
Kuramoto model. However, the computational complexity of this method is high,
and results are reported only for graphs with up to 18 nodes. In [42], a high-level
algorithm is proposed for planar networks: by assuming uniform coupling, the pa-
per obtains upper and lower bounds on the number of solutions for ring networks
and planar topology. The Holomorphic Embedding Load-Flow Method (HELM) is
proposed in [72] to find all solutions of power flow equations. Although HELM is
guaranteed to find the operable solution of the power flow equations, it is reported
to be much slower than the Newton–Raphson methods [63]. In [41], an algorithm
based on a topological continuation argument is developed to solve the power flow
problem. However, a counterexample for this method using a five-bus system has
been constructed in [54]. This continuation method is revisited and modified in [39].
Techniques for solving the optimal power flow problem (OPF) can also be used to
solve the power flow problem. OPF problems have been studied extensively in the
power network literature, e.g., see [55, 56, 53]. Unfortunately, due to the non-convex
nature of the OPFs, these algorithms are not guaranteed to compute feasible solutions
for arbitrary topologies [40].
Contributions. This paper provides a rigorous graph-theoretic and geometric
framework to analyze the solutions of flow and elastic network problems on the n-
torus. Our framework provides comprehensive answers to questions (Q2) and (Q3),
and it provides novel insights into questions (Q1), (Q4), and (Q5). Specifically, this
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paper provides the following four main contributions:
(i) We introduce a unifying formalism to study network problems on the n-torus.
(ii) We present a novel partition of the n-torus, called the winding partition, in-
duced by cycles in the underlying graph.
(iii) We prove that each winding cell contains at most a unique solution of the flow
network problem and elastic network problem.
(iv) We present a complete search algorithm, which finds every solution to the flow
and elastic network problems on a suitable subset of the n-torus.
We next discuss these contributions in detail.
In Section 2, we formally introduce flow and elastic networks on the n-torus, and
we state the problem of finding all solutions of these networks. While these problems
have been studied in various disciplines, we provide a novel, unifying framework to
formalize them. We review several applications of flow and elastic network problems
on the n-torus in greater mathematical detail. Finally, we show that, under certain
assumptions, the solutions of flow network problems and elastic network problems
coincide.
In Section 3, we provide a novel algebraic graph theory on the n-torus. We
establish a fundamental property of angle differences around cycles in graphs, which
amounts to a Kirchhoff’s angle law, generalization of the classic voltage law. We
introduce the notion of winding vector as a map from the n-torus into a discrete set,
which partitions the n-torus into winding cells.
In Section 4, we focus on the flow network problems with monotone flows functions
over suitable domains. We show that, in each winding cell, there exists at most
one solution for the flow network problem. This “at-most uniqueness” result shows
that winding cells can be used to localize the multiple solutions of the flow network
problem, thereby providing a graph-theoretic and geometric answer to question (Q2).
This result also shows that the winding partition is a key geometric object to study
the flow network problem. Finally, this result allows us to upper bound the number
of solutions to the flow network problem (on an arbitrary graph), partially answering
question (Q1).
The rest of Section 4 addresses question (Q4) by examining “circulating” or “loop”
flows around cycles in the network. We establish a bijection between a solution’s
winding vector and the circulating flow associated with that solution. We show that, in
a flow network with strictly increasing flow functions and a single cycle, the circulating
flow around the cycle increases monotonically with respect to the winding number.
In Section 5, we recast the flow and elastic network problems as a system of
equations with explicit dependence on the winding vector of the solution. Unlike the
flow network problem, this new formulation has at most one solution. We propose
an iterative algorithm, called the projection iteration, that exploits these equations to
either solve the problem in a given winding cell, or determine that no such solution
exists. Using this iteration, we propose a complete search algorithm to find all solu-
tions of flow and elastic network problems within a useful subset of the n-torus, as
stated in question (Q3). The power systems literature contains many algorithms to
find these solutions in the context of active power flow solvers; however, convergence
is only guaranteed for some special graphs, whereas our algorithm provably converges
on arbitrary topologies.
Finally, in Section 6, we present numerical experiments on special cases of the
active power flow equations. We consider three different test cases: a 12-node ring, a
12-node line, and the IEEE RTS 24 testcase. First, we introduce a notion of transmis-
sion capacity and a notion of network congestion. We utilize the projection iteration
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to numerically study the capacity and congestion in a 12-node ring power grid under
two different power profiles. Our numerical analysis shows that, under certain cases,
an increase in loop flow can lead to an increase in the network’s power transmission
capacity. For the IEEE RTS 24 testcase, we compare the time efficiency of the projec-
tion iteration against the Newton–Raphson method. The numerical analysis in this
section sheds some light on question (Q5); however, a more comprehensive answer is
still the subject of future research.
1.1. Notation and preliminary concepts. Let R and C denote the set of real
and complex numbers, respectively. For every x ∈ Rn and every r > 0, we define the
open disk D∞(x, r) by
D∞(x, r) = {y ∈ Rn ∣ ∥y − x∥∞ < r}.
For an interval I ⊆ R, the scalar function f ∶ I → R is monotone on I, if it is either
strictly increasing or strictly decreasing on I. For a matrix A ∈ Rn×m, the image of A is
denoted by Img(A) and the kernel of A is denoted by Ker(A). For a positive-definite
diagonal matrix D ∈ Rn×n, the D-weighted vector-norm is
∥v∥D = ∥D 12 v∥2, for all v ∈ Rn,
and the induced D-weighted matrix-norm is
∥X∥D = ∥D 12XD −12 ∥2, for all X ∈ Rn×n.
Algebraic graph theory. Let G denote an undirected graph with nodes{1, . . . , n} and edge set E with cardinalitym. Given an arbitrary orientation and order-
ing of the edges, let B denote the corresponding incidence matrix defined component-
wise as Bkl = 1 if node k is the sink node of edge l and as Bkl = −1 if node k is
the source node of edge l; all other elements are zero [21, § 8.3]. If x ∈ Rn (with xi
associated to the ith node), then the flow vector associated to x is B⊺x ∈ Rm (with(B⊺x)e = xi −xj associated to the oriented edge e = (i, j)). A cycle in G is an ordered
sequence of three or more nodes such that there is an edge between every two con-
secutive nodes, the first and last nodes are the same, and no other node is repeated.
An undirected graph G is cyclic if it contains at least one cycle.
For each cycle σ in G, the signed cycle vector vσ ∈ {−1,0,1}m is composed of
entries
(vσ)e =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
+1, if the edge e is traversed positively by σ,−1, if the edge e is traversed negatively by σ,
0, otherwise.
for each e ∈ E [21, § 14.2]. The cycle space of G is the subspace of Rm spanned by
the signed cycle vectors of all cycles in G; equivalently, the cycle space is Ker(B) [21,
§ 14.2]. A set of cycles Σ = {σ1, . . . , σm−n+1} is a cycle basis for G if the corresponding
set of signed cycle vectors {vσ1 , . . . , vσm−n+1} is a basis for the cycle space.
Note that many authors in the graph theory literature use similar but discrete
definitions of cycle space and cycle basis. In [29, 33], for example, a “cycle” is a
subgraph where every vertex has even degree, and a “cycle basis” is a set of “cycles”
that can generate any “cycle” by the logical XOR operation, so the “cycle space”
is a vector space on the field GF(2) (instead of R). Fortunately, a straightforward
consequence of [33, Lemma 2.4] is that the signed cycle vectors corresponding to
10 S. JAFARPOUR, E. Y. HUANG, K. D. SMITH, AND FRANCESCO BULLO
these discrete basis “cycles” are also a basis for ker(B). Therefore, we can rely on
this literature in future sections for the computation of cycle bases.
Given a connected undirected graph G with cycle basis Σ = {σ1, . . . , σm−n+1}, the
cycle-edge matrix is
(1.8) CΣ = ⎡⎢⎢⎢⎢⎢⎣
v⊺σ1⋮
v⊺σm−n+1
⎤⎥⎥⎥⎥⎥⎦ ∈ R(m−n+1)×m.
Figure 3 shows some polygonal graphs with oriented edges and cycle bases.
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Fig. 3: The triangle, the square, the square-with-diagonal, and the pentagon graph. The
triangle and the square-with-diagonal graphs are drawn with a cycle basis.
Next, assume each edge (i, j) has a weight aij and define the diagonal edge weight
matrix A = diag(aij) ∈ Rm×m. The Laplacian matrix of G is L = BAB⊺. Recall that
L is singular and its Moore–Penrose pseudoinverse L† has the following properties:
LL†L = L, L†LL† = L†, L†L = (L†L)⊺, and LL† = (LL†)⊺. For a positive definite
diagonal matrix D ∈ Rm×m, the D-weighted cycle projection matrix PD is the oblique
projection onto Ker(B) parallel to Img(DAB⊺) given by
PD = Im −DAB⊺(BDAB⊺)†B.
The D-weighted cutset projection matrix Pcut is idempotent with eigenvalues 0 and
1. If G is connected, 0 and 1 are eigenvalues of PLmin with algebraic (and geomet-
ric) multiplicity n − 1 and m − n + 1, respectively. Moreover, it is easy to see that
Ker(PDDA) = Img(B⊺). Additional properties of this projection are in [31, Theorem
5].
The n-torus. Let S1 be the unit circle with its standard Riemannian structure.
Given angles α,β ∈ S1, the geodesic distance between α and β, denoted by ∣α − β∣, is
the length of the shortest arc in S1 connecting α to β. The counterclockwise difference
on S1 is the map dcc ∶ S1 × S1 → [−pi,pi) defined by:
dcc(α,β) = ⎧⎪⎪⎨⎪⎪⎩∣α − β∣, if the counterclockwise arc from α to β is shorter than pi,−∣α − β∣, otherwise.
If we identify S1 ≃ [−pi,pi), for every α,β ∈ [−pi,pi), the counterclockwise difference
dcc(α,β) is given by dcc(α,β) = mod((β − α),2pi) − pi. Let G denote an undirected
graph with nodes {1, . . . , n} and edge set E with cardinality m. Given an arbitrary
orientation and ordering of the edges, let B denote the corresponding incidence matrix.
If θ ∈ Tn (with θi associated to the ith node of G), then, by abuse of notation, we
write θi − θj to refer to dcc(θi, θj) and we write B⊺θ to refer to the vector in Rm
defined by
(B⊺θ)e ∶= θi − θj = dcc(θi, θj), for every e = (i, j) ∈ E .(1.9)
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The punctured n-torus Tn0 is
Tn0 = {θ ∈ Tn ∣ ∣θi − θj ∣ < pi for each (i, j) edge of G}.
Note that closure(Tn0 ) = Tn. We also need the notion of quotient space. For every
angle s ∈ S1 ≃ [−pi,pi), define the rotation operator rots ∶ Tn → Tn by rots(θ) =(θ1 + s, . . . , θn + s)⊺. Using this rotation operator as a group action, we define the
reduced n-torus as the quotient space Tn/S1 and the reduced punctured n-torus as
the quotient space Tn0 /S1. For every θ ∈ Tn, the equivalent class of θ in the reduced
n-torus Tn/S1 is denoted by [θ].
2. Problem statement and motivation. In this section, we introduce two
classes of network problems for which nodal variables are confined to the n-torus.
Problem 1 (Flow networks on the n-torus). A flow network on the n-torus
is a pair (G,{he}e∈E), where G is a weighted undirected graph and, for every e ∈ E,
he ∶ R → R is a continuously differentiable 2pi-periodic odd function called the flow
function on edge e.
Consider a flow network on the n-torus (G,{he}e∈E), a balanced supply/demand
vector psd ∈ 1⊥n, and an angle γ ∈ [0, pi). Then the flow network problem on the n-torus
for (G,{he}e∈E , psd, γ) is to compute pairs of flows and phase angles (f, θ) ∈ Rm ×Tn
such that
Bf = psd,(2.1a)
fe = aijhe(θi − θj), for e = (i, j) ∈ E(2.1b) ∣θi − θj ∣ ≤ γ, for (i, j) ∈ E .(2.1c)
These notions are interpreted as follows and illustrated in Figure 4. Equa-
tion (2.1a) is the flow balance equation for a commodity flowing on a network, similar
to a Kirckhoff’s current conservation law, and is illustrated in Figure 4a. Equa-
tion (2.1b) is the flow equation and codifies how the flow along an edge is a function
of counterclockwise difference between the angular variables at the two nodes; such
a function is illustrated in Figure 4b. Note that the oddness of the flow functions
encodes the physical property that, on every edge, the flow equations are independent
of the direction of the flow. Finally, the inequality (2.1c) is the angle constraint, often
relevant in applications.
fij
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Fig. 4: Interpretation of the flow network problem (2.1) for the power networks where the
flow function has a sine form. Figure 4a illustrates that the flow satisfies a conservation law
at each node: pi =∑nj=1 fij . Figure 4b shows the proportional relationship between the flow
transferred along each edge and the sine of its angle difference.
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We now mention two important applications featuring flow network problems with
sinusoidal flow functions. First, in the context of power transmission on alternating-
current (AC) power grids, the so-called lossless active power flow equation is precisely
of the form (2.1a)-(2.1b) with he(y) = sin(y) on each edge e. In this context, the
angular difference θi − θj is called the power angle of the line {i, j} and constraints
of the form (2.1c) arise from thermal dissipation constraints on the power lines. A
second application is the Kuramoto coupled-oscillators model (1.6) reviewed in the
Introduction. Simple calculations show that (i) synchronous trajectories (i.e., trajec-
tories with identical frequencies) of the Kuramoto model are precisely solutions to a
flow network problem (2.1a)-(2.1b) with sinusoidal flow functions and that (ii) syn-
chronous solutions satisfying the constraint (2.1c) for γ < pi/2 are locally exponentially
stable [16, Lemma 2].
Problem 2 (Elastic networks on the n-torus). An elastic network on the n-
torus is a pair (G,{He}e∈E), where G is an weighted undirected graph and, for every
e ∈ E, He ∶ R → R is a twice differentiable 2pi-periodic even function called the elastic
energy function of edge e. The elastic energy of this elastic network is
(2.2) H(θ) = ∑
e=(i,j)∈E aijHe(θi − θj).
Consider an elastic network (G,{He}e∈E), a balanced torque vector τ ∈ 1⊥n, and an an-
gle γ ∈ [0, pi). Then the elastic network problem on the n-torus for (G,{He}e∈E , psd, γ)
is to compute the phase angles θ ∈ Tn such that
τ = ∇θH(θ),(2.3a) ∣θi − θj ∣ ≤ γ, for (i, j) ∈ E .(2.3b)
These notions are interpreted as follows and illustrated in Figure (5). For every
edge e, the elastic energy function He codifies how the elastic energy in the edge e is
a function of the counterclockwise difference between the angular variables at its end
points. Equation (2.3) is the torque balance equation for torques applied to a node in
the network and is similar to conservation of momentum. Finally, the inequality (2.3b)
is the angle constraint, often relevant in applications.
⌧1
⌧3
⌧2
k12
k24
⌧4
k34
k23
Fig. 5: Interpretation of the elastic
network problem (2.3) as a spring
network on a ring. Each particle
on the ring is subject to an external
torque, a damping torque, and is in-
terconnected by ideal elastic springs
to other particles.
As an example elastic network we consider
the spring network on a ring, depicted in Figure 5.
It is easy to see that this physical system gives
rise to an elastic networks on the n-torus with
potential energy function U ∶ Tn → R defined by:H(θ) = ∑(i,j)∈E kij(1 − cos(θi − θj)),
where θi is the angular position of particle i on
the ring and kij is the stiffness constant of the
spring connecting particle i to particle j. When
τ = 0, the elastic network problem (2) is equiv-
alent to computing the critical points of the po-
tential energy function. More generally, the Eu-
ler–Lagrange equations for the spring network on
the ring are:
miθ¨i + diθ˙i = τi − n∑
j=1kij sin(θi − θj).(2.4)
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where mi, di are the mass and damping of each particle and where τ is the balanced
torque vector. The elastic network problem (2) is then equivalent to finding the equi-
librium configurations of the spring network on the ring. For γ < pi/2, the angle
constraint (2.3b) guarantees that the equilibrium configurations are locally exponen-
tially stable [16, Lemma 2].
Elastic networks also arise from certain network optimization problems on the
n-torus, in which a cost function H ∶ Tn → R can be decomposed into the sum of edge
costs He ∶ Tn → R, for e ∈ E . Then it is easy to see that the optimization problem
min H(θ) = ∑(i,j)∈EHe(θi − θj),
subject to: θ ∈ Tn.(2.5)
gives rise to an elastic network on the n-torus with elastic energy H. The elastic
network problem, for the torque vector τ = 0n, is equivalent to finding critical points
of the elastic energy function H(θ) satisfying the constraint ∣θi−θj ∣ ≤ γ. As mentioned
in the introduction, for H chosen as the spacing potential in (1.4), the optimization
problem (2.5) is relevant in study and design of patterns of collective motions in
biological and engineering networks.
In summary, we have so far defined the flow network problem 1 and the elastic
network problem 2. Adopting the analogy that (i) supply/demand vectors are torque
vectors, and (ii) flow functions are the derivatives of elastic energy functions, the next
result explains the connection between these two static problems. We postpone the
proof to the next section.
Theorem 2.1 (Equivalence of network problems on the n-torus).
Let G be a undirected graph, q ∈ 1⊥n be a balanced vector, γ ∈ [0, pi) be a phase
angle, {he}e∈E be a family of continuously differentiable 2pi-periodic odd functions,
and {He}e∈E be a family of twice differentiable 2pi-periodic even functions such that,
for each edge e and each angle α ∈ (−γ, γ),
He(α) −He(0) = ∫ α
0
he(β)dβ ⇐⇒ dHe
dα
(α) = he(α).
Then, for θ ∈ Tn, the following statements are equivalent:
(i) there exists f ∈ Rm such that (f, θ) solves the flow network problem (2.1) for(G,{he}e∈E , q, γ);
(ii) θ solves the elastic network problem (2.3) for (G,{He}e∈E , q, γ).
Theorem 2.1 guarantees that any result about the flow network problem is di-
rectly applicable to the elastic networks setting. We first study the flow network
problem (2.1) over connected and acyclic graphs.
Theorem 2.2 (Acyclic flow network problem on the n-torus). Consider the flow
network problem (2.1) for (G,{he}e∈E , psd, γ) and suppose that G is a connected and
acyclic graph and each function he, e ∈ E is monotone on the interval [−γ, γ]. Then
the following statements are equivalent:
(i) ∣(B⊺L†psd)e∣ ≤ maxy∈[−γ,γ] ∣he(y)∣, for all e ∈ E;
(ii) there exists a unique solution (f∗, θ∗) for the problem (2.1) on the n-torus.
Moreover, if any of the equivalent conditions (i) or (ii) holds, then f∗ = AB⊺L†psd.
Theorem 2.2 completely characterizes the solvability of the flow network problem (2.1)
on the n-torus over acyclic graphs and finds a closed-from formula for the flows. In
the rest of this paper, we assume that the graph G is connected (without loss of
generality) and cyclic.
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3. Algebraic graph theory on the n-torus. Algebraic graph theory provides
a widely established framework to study R-valued functions on graphs using linear
algebraic structures [6]. In this section, we generalize classical concepts from algebraic
graph theory to the setting where the graph nodal variables take value on the circle
S1. The starting idea is to extend the classic Kirchhoff’s voltage law (KVL) to S1-
valued functions on the graph. For R-valued functions, KVL states that the sum of
nodal differences along each simple cycle is zero. Remarkably, S1-valued functions
on a graph exhibit richer behavior. For such functions, one can associate an integer,
called the winding number, to each simple cycle and show that the sum of angular
differences along the cycle is equal to its winding number. Loosely speaking, the
winding number of a cycle counts the number of turns (in counterclockwise direction)
of the S1-valued function along the cycle. We start our treatment by introducing the
notion of winding number.
Definition 3.1 (Winding number, vector, and map). Let G be a cyclic con-
nected undirected graph and θ ∈ Tn0 . Then
(i) for every cycle σ in G with nσ nodes, the winding number of θ along σ is
wσ(θ) = 1
2pi
nσ∑
i=1dcc(θi, θi+1),
where we assume σ = (1, . . . , nσ,1) without loss of generality and θnσ+1 = θ1
by convention;
(ii) for every cycle basis Σ = {σ1, . . . , σm−n+1} in G, the winding vector of θ along
the basis Σ is the vector
[wσ1(θ), . . . , wσm−n+1(θ)]⊺ ;
(iii) for every cycle basis Σ = {σ1, . . . , σm−n+1} in G, the winding map wΣ ∶ Tn0 →
Zm−n+1 along the basis Σ is
wΣ(θ) = [wσ1(θ), . . . , wσm−n+1(θ)]⊺ .
The winding number, winding vector, and winding map are invariant under the
rotation operator rots, for s ∈ [−pi,pi), that is, every cycle σ and every θ ∈ Tn0 satisfy
wσ(θ) = wσ(rots(θ)). Therefore the winding number, winding vector, and winding
map are well-defined on the reduced punctured n-torus Tn0 /S1. The winding vector of
θ along the basis Σ collects in one quantity all the information required to compute
the winding number of each cycle of the graph. The winding number, vector and map
wΣ and its image Img(wΣ) depend on the cycle basis Σ chosen for G. However, one
can define a basis-independent winding map on Tn0 (see Appendix A).
Several algorithms exist in the literature for computing the cycle basis of an
undirected graph. A simple approach is based on finding a spanning tree for G
and runs in O(mc) time, where c is the length of the largest cycle in the graph.
Horton [29] provides the first polynomial-time algorithm to find the minimum cycle
basis of undirected unweighted graphs; Horton’s algorithm runs in O(m3n) time or,
in its improvement proposed in [47], in O(mn2/log(n)). Finally, [17] proposes an
algorithm to construct a cycle basis of length O(m log(n) log log(n)) for unweighted
graphs. We refer to [33] for a survey on algorithms and computational complexity of
computing integral and minimum cycle bases.
To illustrate the notion of winding number we consider the triangle graph with
cycle σ = (1,2,3,1) in Figure 3. Since the cycle space of the triangle graph is spanned
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by σ, the winding map with respect to σ is wΣ(θ) = wσ(θ). One can show that,
if the angles (θ1, θ2, θ3) ∈ T30 are contained in an arc of length less than or equal to
pi, then wσ(θ) = 0 and, otherwise, wσ(θ) ∈ {−1,+1}; see Figure 6. For example, for
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Fig. 6: For the triangle graph, if the angles are strictly contained in an half circle, the winding
number is zero. Otherwise, the winding number is ±1 depending upon the node numbering
and edge orientations.
φ = (0, pi
3
, 2pi
3
)⊺ and ψ = (0, 2pi
3
, 4pi
3
)⊺, simple book-keeping shows
wσ(φ) = 12pi (pi3 + pi3 − 2pi3 ) = 0, and wσ(ψ) = 12pi ( 2pi3 + 2pi3 + 2pi3 ) = 1.
Now, we prove some useful properties for the winding number and winding vectors.
Theorem 3.2 (Kirchhoff’s angle law). Let G be a cyclic connected undirected
graph with n nodes, and m edges. Let σ be a cycle on G with nσ nodes and Σ ={σ1, . . . , σm−n+1} be a cycle basis for G. Let θ ∈ Tn0 . Then
(i) the winding number wσ(θ) is an integer and ∣wσ(θ)∣ ≤ ⌈ nσ
2
⌉ − 1;
(ii) the winding map wΣ is piecewise constant and
∣Img(wΣ)∣ ≤ m−n+1∏
i=1 (2 ⌈ nσi2 ⌉ − 1) .
Theorem 3.2(i) generalizes the classic Kirchhoff’s voltage law (KVL) to the setting
of graphs with nodal variables in S1: the sum of the nodal differences along every
simple cycle is equal to 2piw, where w ∈ Z is the winding number of the cycle.
In order to illustrate the Kirchhoff’s angle law and various properties in Theo-
rem 3.2, we get back to the polygonal graphs in Figure 3. We consider the square
graph with a diagonal edge and define its cycles σ1 = (1,2,4,1), σ2 = (2,3,4,2), and
σ3 = (1,2,3,4,1), as in Figure 3. Note that only two cycles are independent in the
sense that the signed cycle vectors satisfy vσ1 + vσ2 = vσ3 and so the set Σ = {vσ1 , vσ2}
is a basis for cycle space of G. The winding map of the graph G with respect to basis
Σ is given by wΣ(θ) = [wσ1 wσ2]⊺. Theorem 3.2(i) implies that ∣wσi(θ)∣ ≤ ⌈ 32 ⌉−1 = 1,
for every θ ∈ T40 and every i ∈ {1,2}. Therefore, Img(wΣ) ⊆ {−1,0,+1}2. Moreover, on
can see that the winding vectors [1 1]⊺ and [−1 −1]⊺ are not possible for the square
graph with a diagonal. This implies that Img(wΣ) ⊂ {−1,0,+1}2 and therefore, in
general, the inequality in Theorem 3.2(ii) can be strict.
Since winding vector is a piecewise constant map, one can partition the n-torus
into the regions where the winding vector assume a fixed integer vector. These regions
are called winding cells.
Definition 3.3 (Winding cell). Consider the cyclic connected undirected graph
G with cycle basis Σ and winding map wΣ. For u ∈ Img(wΣ), the u-winding cell is
the subset of Tn0 defined by
ΩGu = w−1Σ (u).
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For the triangle graph in Figure 3, one can visualize the winding cells. Note
that the triangle graph with only cycle σ = (1,2,3,1) has Img(wΣ) = {−1,0,+1}.
Therefore, the winding cells of T30 are
ΩG−1 = {θ = (θ1, θ2, θ3)⊺ ∈ T30 ∣ 3∑
i=1dcc(θi, θi+1) = −2pi},
ΩG0 = {θ = (θ1, θ2, θ3)⊺ ∈ T30 ∣ there exists an arc of length pi containing θ1, θ2, θ3},
ΩG1 = {θ = (θ1, θ2, θ3)⊺ ∈ T30 ∣ 3∑
i=1dcc(θi, θi+1) = 2pi}.
Figure 7 illustrates these winding cells.
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π
−ππ
−π
0
0
0
(a) (b) (c)
Fig. 7: The winding cells ΩG−1, ΩG0 , and ΩG1 , induced by the triangle graph on T30 are shown
in Figures (a), (b), and (c), respectively. The three axes are the three angles θ1, θ2, θ3, each
taking values in the interval [−pi,pi). These axes are periodic on the 3-torus, so all three
winding cells are path-connected, despite their disconnected representations in R3.
We are now ready to state the main result of this section. Since the winding map
is piecewise constant and finite valued, it partitions the n-torus into a finite number
of regions.
Theorem 3.4 (Winding partition of the n-torus). Consider the cyclic con-
nected undirected graph G with cycle basis Σ and winding map wΣ. Then the set{closure(ΩGu ) ∣ u ∈ Img(wΣ)} is a partition of Tn, called the G-winding partition of
Tn, in the sense that
(i) Tn = ⋃u∈Img(wΣ) closure(ΩGu );
(ii) for every u,v ∈ Img(wΣ), u ≠ v implies ΩGu ∩ΩGv = ∅.
Moreover, the winding cells enjoy useful properties. (Recall the definition of
cycle-edge matrix from equation (1.8) and of the vector B⊺θ from equation (1.9).)
Theorem 3.5 (Polytopic characterization of winding cells). Consider a con-
nected cyclic undirected graph G with cycle basis Σ, winding map wΣ, and cycle-edge
matrix CΣ ∈ R(m−n+1)×m. Pick u ∈ Img(wΣ). Then
(i) for every θ ∈ ΩGu , there exists x ∈ 1⊥n such that B⊺θ = B⊺x + 2piC†Σu;
(ii) define the open convex polytope
Pu = {x ∈ 1⊥n ∣ ∥B⊺x + 2piC†Σu∥∞ < pi}.
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Then, up to a rotational symmetry, there is a one-to-one correspondence be-
tween the polytope Pu and the winding cell Ω
G
u .
In Figure 8, we plot the reduced winding cells ΩG−1/S1, ΩG0 /S1, and ΩG1 /S1 induced
by the triangle graph and square graph on T30 and T40, respectively. Figure 8 plots
the winding cells as functions of counterclockwise distances dcc(θi, θi+1) rather than
phases θi, effectively moding out uniform rotations.
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Fig. 8: The reduced winding cells on the triangle graph (a) and square graph (b) on T30 and
T40, respectively. In both plots, each axis corresponds to an edge in the graph and indicates
the counter-clockwise difference between the incident nodes, on the interval [−pi,pi).
We conclude this section by some comments about the role of cycle basis Σ in
our framework. First, while the winding map wΣ in Definition 3.1 (iii) depends upon
Σ, the winding partition of Tn in Theorem 3.4 is independent of it, in the sense that,
given any other cycle basis Σ′, each winding cell ΩGu , for u ∈ Img(wΣ), is equal to
a cell ΩGu′ for an appropriate u′ ∈ Img(wΣ′). Second, note that the upper bound
on the cardinality of Img(wΣ) given in Theorem 3.2(ii) depends upon Σ. While
computing the cycle basis that minimizes this upper bound appears computationally
complex, it is simple to provide the following approximation. Adopting the shorthand∣Σ∣ =m − n + 1, we compute
∣ Img(wΣ)∣ ≤ ∣Σ∣∏
i=1 (2 ⌈ nσi2 ⌉ − 1) ≤
∣Σ∣∏
i=1 (nσi + 1) ≤ ⎛⎝∑
∣Σ∣
i=1(nσi + 1)∣Σ∣ ⎞⎠
∣Σ∣
,
where we used the inequality of arithmetic and geometric means. Now, the classic re-
sult [29, Theorem 6] states that the length of a minimum cycle bases of an unweighted
graph is at most 3(n − 1)(n − 2)/2, so that
∣ Img(wΣ)∣ ≤ (3(n − 1)(n − 2)
m − n + 1 + 1)m−n+1 .
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Alternatively, the length of minimum cycle basis of an unweighted graph is known [17]
to be in O(m log(n) log(log(n))) so that there exists a constant C such that
∣ Img(wΣ)∣ ≤ (C logn log logn)m−n+1.
If the graph admits a basis of cycles with length at most nσ, then
∣ Img(wΣ)∣ ≤ (2⌈nσ/2⌉ − 1)m−n+1.
For example, the complete graph Kn has a cycle basis with nσ = 3 and so, given
m−n+ 1 = (n− 1)(n− 2)/2, we know ∣ Img(wΣ)∣ ≤ 3(n−1)(n−2)/2. The two-dimensional
grid graph Gh,k with n = hk nodes and m = 2hk − h − k edges, has a cycle basis with
nσ = 4 so that ∣ Img(wΣ)∣ ≤ 3hk−h−k+1.
4. Localization and decomposition of network flows. In this section, we
use the tools of Section 3 to study flow network problems on the n-torus. Recall
that Theorem 2.1 ensures that any result about the flow network problem is directly
applicable to the elastic networks setting.
We first use the winding partition to localize the solutions of the flow network
problem (2.1). In particular, we show that if the flow functions are monotone, then
flow network problem (2.1) has at most one solution inside each winding cell.
Theorem 4.1 (At most uniqueness of solutions). Consider the flow network
problem (2.1) for (G,{he}e∈E , psd, γ) and suppose that each flow function he, e ∈ E,
is monotone on the interval [−γ, γ]. Let Σ be a cycle basis for G. Then, for any
winding vector u ∈ Img(wΣ), there exists at most one solution (f, θ) for flow network
problem (2.1), such that θ ∈ ΩGu .
For graphs with a cycle basis of given length, the angle constraint (2.1c) can be
used to specify the winding cells in which there is no solution for the flow network
problem (2.1).
Corollary 4.2. Consider the flow network problem (2.1) for (G,{he}e∈E , psd, γ).
Suppose that each flow function he, e ∈ E, is monotone on [−γ, γ] and G has a cycle
basis Σ of length at most k. For u ∈ Img(wΣ), the following statements hold:
(i) if ∥u∥∞ ≤ ⌊kγ2pi ⌋, the problem (2.1) has at most one solution (f, θ) with θ ∈ ΩGu .
(ii) if ∥u∥∞ > ⌊kγ2pi ⌋, the problem (2.1) has no solution (f, θ) with θ ∈ ΩGu .
For the special case γ < pi/2, Corollary 4.2 applies to the complete graphs, com-
plete bipartite graphs, and two-dimensional grids and shows that the flow network
problem has at most one solution, see Figure 9.
Fig. 9: Corollary 4.2 implies that, the flow network problem (2.1) with γ < pi/2 on com-
plete graphs, complete bipartite graphs, and two-dimensional grid graphs, have at most one
solution, independently of supply/demand vector and edge weights.
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Next, we propose a natural decomposition for the edge space Rm and describe
how it relates to the flow network problem (2.1). For every connected undirected
graph G, the edge space of G can be uniquely decomposed as follows:
Rm = Img(AB⊺)⊕Ker(B).(4.1)
This oblique decomposition is a special case of the classic orthogonal decomposition
into cutset and cycle space, studied in algebraic graph theory, see [6, §2]. Let f be a
flow for the flow network problem (2.1) on the graph G. For every simple cycle σ in
G, the loop flow associated with the cycle σ is the scalar v⊺σf , where vσ is the signed
cycle vector associated to the cycle σ.
Theorem 4.3 (Decomposition of flows). Consider the flow network prob-
lem (2.1) for (G,{he}e∈E , psd, γ) and suppose that each flow function he, e ∈ E, is
monotone on the interval [−γ, γ]. Let Σ be a cycle basis for G and suppose that(f, φ), (g,ψ) ∈ Rm × Tn are two solutions for flow network problem (2.1). Then the
following statements hold:
(ii) f can be decomposed uniquely as
f = f cut + f cyc,
where f cut = AB⊺L†psd ∈ Img(AB⊺) is called the cutset flow and f cyc ∈
Ker(B) is called the cycle flow.
(iii) f − g ∈ Ker(B), that is, flows differ by a cycle flow;
(iv) f = g ⇐⇒ wΣ(φ) = wΣ(ψ) ⇐⇒ φ = rots(ψ), for some s ∈ [−pi,pi);
(v) if G has exactly one cycle σ and each flow function he, e ∈ E, is strictly
increasing, then
wσ(φ) > wσ(ψ) ⇐⇒ v⊺σf > v⊺σg,
that is, loop flows are strictly increasing with respect to winding numbers.
5. Solvability of flow network problem on the n-torus. In this section,
we focus on verifying the existence and computing the solutions of the flow network
problem (2.1) on the n-torus.
One of the classic methods for solving nonlinear equations is the Newton–Raphson
method. This method comes with two main disadvantages in the context of the flow
network problem (2.1). First, the Newton–Raphson iterations comes with no global
convergence guarantee. Therefore, when the iteration does not converge, one cannot
infer the lack of solutions. The second issue is the sensitivity of the Newton–Raphson
method with respect to initial conditions. This is a critical issue since the flow network
problem (2.1) can often have several solutions. Consider for example the flow network
problem (2.1) on the 5-torus over the unit-weighted pentagon graph in Figure 3 with
flow function he = sin, for every e ∈ E . For psd = 05, the flow network problem has
the phase-synchronous solution φ∗ = 05 with winding number 0 and the splay-state
solution ψ∗ = (0, 2pi
5
, 4pi
5
, 6pi
5
, 8pi
5
)⊺ with winding number +1. Consider the sequence{x(n)}n∈Z≥0 generated by the Newton–Raphson algorithm:
x(n+1) = x(n) − (BAdiag(cos(B⊺x(n)))B⊺)†BA sin(B⊺x(n)),
with initial condition x(0) = (0, pi
3
, pi
2
, 2pi
3
,0)⊺. While wΣ(x(0)) = 0, the New-
ton–Raphson iterations starting form x(0) converges to ψ∗ with winding number +1.
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This example illustrates that the Newton–Raphson method is not consistent with the
partition of the n-torus introduced in Theorem 3.4.
In the previous section, we showed that the winding partition of the n-torus is
useful for localizing the solutions of the flow network problem (2.1). In the following
Section 5.1, we provide a novel transcription for problem (2.1) which reveals the role of
winding cells. The main advantage of this transcription is to replace the phase angle
θ ∈ Tn (i.e., a continuous variable) with the winding vector wΣ(θ) ∈ Zm−n+1≥0 (i.e., a
discrete variable). Then, in Section 5.2, we introduce an appropriate operator and
write this novel transcription as a fixed-point problem. We show that this fixed-point
formulation is amenable to analysis using well-known contraction techniques.
5.1. Winding balance equation. Using the polytopic characterization of
winding cells (3.5), one can identify the counterclockwise angle difference vector B⊺θ
in the u-winding cell with elements in the polytope Pu. As a result, we get a tran-
scription of the flow network problem (2.1) which reveals the role of the winding
partition in this problem. Before we state this winding transcription, we first intro-
duce the extended flow function hγ ∶ Rm → Rm, where, for every e ∈ {1, . . . ,m}, its
eth component is defined by:
(hγ)e (y) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
he(ye), ∣ye∣ < γ,
∂he
∂ye
(γ)(ye − γ) + he(γ), ye ≥ γ,
∂he
∂ye
(γ)(ye + γ) + he(−γ), ye ≤ −γ.
Clearly, each function (hγ)e(y), e ∈ E , depends only on the variable ye and it is
monotone with respect to ye. As a result, hγ is invertible on Rm. Furthermore, define
M ∈ Rm by
Me = max
x∈[−γ,γ]he(x), for all e ∈ E ,
and two diagonal matrices Lmin, Lmax ∈ Rm×m by
(Lmin)ee = min
y∈[−γ,γ] ∂he(y)∂y and (Lmax)ee = maxy∈[−γ,γ] ∂he(y)∂y ,
for all e ∈ {1, . . . ,m}. Since each he, e ∈ {1, . . . ,m}, is monotone we have
0 < (Lmin)ee(Lmax)−1ee ≤ 1. This implies that ∥Im −LminL−1max∥∞ < 1. For every
u ∈ Img(wΣ), the u-winding balance equation for the flow network problem (2.1) is:
Bf = psd,(5.1a) PLminLminA(h−1γ (A−1f) − 2piC†Σu) = 0m,(5.1b) ∣fe∣ ≤ aijMe, for e = (i, j) ∈ E ,(5.1c)
where PLmin is the Lmin-weighted cycle projection matrix. Note that the u-winding
balance equation has no variable on the n-torus Tn. The following theorem illustrates
the connection between solutions of u-winding balance equation (5.1) and solutions
of the flow network problem (2.1).
Theorem 5.1 (Equivalence of u-winding balance equation and flow network
problem). Consider the flow network problem (2.1) for (G,{he}e∈E , psd, γ) and sup-
pose that each flow function he, e ∈ E, is monotone on [−γ, γ]. Let Σ be a cycle basis
for G. Then, for u ∈ Img(wΣ) and f ∈ Rm, the following statements are equivalent:
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(i) there exists a unique θ ∈ ΩGu , modulo rotations, such that (f, θ) is a solution
for the flow network problem (2.1); and
(ii) f is a solution for the u-winding balance equation (5.1).
5.2. Fixed-point formulation. The winding transcription (5.1) simplifies the
analysis of flow network problem (2.1) on the n-torus by reducing the continuous
variable θ ∈ Tn to the finite discrete variable wΣ(θ). We now provide an equivalent
fixed-point formulation for the winding transcription (5.1) which can be analyzed
using contraction theory. We first define the space of psd-balanced flows by
Fsd = {f ∈ Rm ∣ Bf = psd}.
To write the u-winding balance equation (5.1) as a fixed-point problem, we define the
map Tu ∶ Fsd → Fsd by:
Tu(f) = f −PLminLminA (h−1γ (A−1f) − 2piC†Σu) ,
where PLmin is the Lmin-weighted cycle projection matrix. Using the map Tu, we can
write the u-winding balance equation (5.1) as the following fixed-point problem:
Tu(f) = f,(5.2a) ∣fe∣ ≤ aijMe, for e = (i, j) ∈ E .(5.2b)
The fixed-point problem (5.2) suggests the projection iterations {f (k)}k∈Z≥0 given by:
f (k+1) = Tu(f (k)),(5.3)
f (0) ∈ Fsd.(5.4)
for finding solutions of the flow network problem (2.1). The following theorem study
the connection between solvability of the flow network problem (2.1) on the n-torus
and the convergence of the projection iterations.
Theorem 5.2 (Solvability of flow network problem on the n-torus). Consider
the flow network problem (2.1) for (G,{he}e∈E , psd, γ) and suppose that each flow
function he, e ∈ E, is monotone on the interval [−γ, γ]. Let Σ be a cycle basis for G.
Then, for u ∈ Img(wΣ), the following statements hold:
(i) there exists a unique f∗u ∈ Fsd such that, for every f0 ∈ Fsd, the sequence{T ku(f0)}k∈Z≥0 converges to f∗u;
(ii) for every f0 ∈ Fsd and every k ∈ Z≥0, we have
∥T ku(f0) − T k−1u (f0)∥LminA ≤ ∥Im −LminL−1max∥k∞ ∥Tu(f0) − f0∥LminA .
Moreover, the following statements are equivalent:
(iii) ∣(f∗u)e∣ ≤ aijMe, for every e = (i, j) ∈ E;
(iv) f∗u is the unique solution to the u-winding balance equation (5.1);
(v) For θ∗ = L†BA(h−1γ (A−1f∗u)−2piC†Σu), the pair (f∗u , θ∗) is the unique solution
for the flow network problem (2.1) with θ∗ ∈ ΩGu .
This theorem establishes that the projection iteration (5.3) correctly computes the
solution of the u-winding balance equation (5.1), if one exists. Moreover, the iteration
does so with a convergence rate equal to ∥Im−LminL−1max∥∞ and, remarkably, this rate
is independent of the network size. Finally, a careful analysis shows that, assuming
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each mathematical operation (addition, subtraction, multiplication, and division) is a
single floating-point operation (flop), the run-time of the projection iteration (5.3) isO(n3) flops (see Appendix G). We conclude this section by presenting an algorithm
that summarizes numerous previous results.
Algorithm 5.1 Flow Network Solver
Input: a cyclic connected weighted undirected graph G, a supply/demand vector psd,
and an angle γ ∈ [0, pi)
Output: all flows for (2.1)
1: compute a basis {σ1, . . . , σm−n+1} for the cycle space of G
2: for each candidate winding vector u = (w1, . . . ,wm−n+1)⊺ with wi ≤ ⌈γnσi
2pi
⌉ :
3: set k ← 0 and f0 ← 0m
4: repeat
5: k ← k + 1
6: until ∥T ku(f0) − T k−1u (f0)∥∞ < tolerance
7: if ∣(T ku(f0))e∣ ≤ aijMe, for every e = (i, j) ∈ E then
8: return (T ku(f0), θ∗ = L†BA(h−1γ (A−1T ku(f0))−2piC†Σu)), as the unique
solution of (2.1) with θ∗ ∈ ΩGu .
9: else
10: return there exists no solution (f, θ) for (2.1) with θ ∈ ΩGu .
Specifically, the proposed algorithm (5.1) is guaranteed to compute all the solu-
tions of the flow network problem (2.1) on the n-torus.
Corollary 5.3 (Complete solver for flow network problem). Consider the flow
network problem (2.1) for (G,{he}e∈E , psd, γ) and suppose that each flow function
he, e ∈ E, is monotone on the interval [−γ, γ]. Then the Flow Network Solver
algorithm (5.1) finds all solutions (f, θ) for the flow network problem (2.1).
6. Numerical experiments and applications. In this section, we numeri-
cally study the solutions of the active power flow equations (1.1) with the thermal
constraint (1.2) as a flow network problem on the n-torus.
6.1. Loop flows in a simple cycle. In this part, we consider two simple net-
works with the same underlying graphG, the same edge weight matrixA, and different
balanced power supply/demand vectors p̂sd as shown in Figure (10). For each of these
networks, we scale the power transmission by a scalar P ∈ R≥0, that is, we consider
the balanced power supply/demand vectors psd = P p̂sd.
Using Theorem 4.2, the active power flow equations (1.1) with thermal con-
straints (1.2) can only have solutions (f, θ) with ∣wσ(θ)∣ ≤ 3. For every winding
number u ∈ {0,±1,±2,±3}, we define the power capacity (PC) of the network at wind-
ing number u as the maximum P for which the active power flow equations (1.1) with
thermal constraints (1.2) have a solutions with winding number u. Moreover, for ev-
ery winding number u ∈ {0,±1,±2,±3}, we define the maximum network congestion
at winding number u by
max
e=(i,j)∈E ∣a−1ij fe∣
where (f, θ) ∈ Rm × Tn is the solution for the active power flow equations (1.1) with
wσ(θ) = u.
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10
<latexit sha1_base64=" cHCs1gbgkjJed3I3g4cAmhHa2Ck=">AAAB83icbZBNSw MxEIZn61etX1WPXoJF8CBlVwR7LHjxWMXWQruUbDrbhm azS5ItltJ/4FUv3sSrP0jwx5hu96CtA4GH951hJm+QCK 6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUOqE bBJTYNNwLbiUIaBQIfg9HN3H8co9I8lg9mkqAf0YHkIW fUWOnec3vlilt1syKr4OVQgbwavfJ3tx+zNEJpmKBadz w3Mf6UKsOZwFmpm2pMKBvRAXYsShqhvtDjQQb+9Cm7eU bOrNcnYazsk4Zk6u/ZKY20nkSB7YyoGeplby7+53VSE9 b8KZdJalCyxaIwFcTEZB4A6XOFzIiJBcoUt1cTNqSKMm NjKtk4vOXPr0LrsupZvruq1Gt5MEU4gVM4Bw+uoQ630I AmMAjhGV7g1UmdN+fd+Vi0Fpx85hj+lPP5AwUWkSk=</ latexit><latexit sha1_base64=" cHCs1gbgkjJed3I3g4cAmhHa2Ck=">AAAB83icbZBNSw MxEIZn61etX1WPXoJF8CBlVwR7LHjxWMXWQruUbDrbhm azS5ItltJ/4FUv3sSrP0jwx5hu96CtA4GH951hJm+QCK 6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUOqE bBJTYNNwLbiUIaBQIfg9HN3H8co9I8lg9mkqAf0YHkIW fUWOnec3vlilt1syKr4OVQgbwavfJ3tx+zNEJpmKBadz w3Mf6UKsOZwFmpm2pMKBvRAXYsShqhvtDjQQb+9Cm7eU bOrNcnYazsk4Zk6u/ZKY20nkSB7YyoGeplby7+53VSE9 b8KZdJalCyxaIwFcTEZB4A6XOFzIiJBcoUt1cTNqSKMm NjKtk4vOXPr0LrsupZvruq1Gt5MEU4gVM4Bw+uoQ630I AmMAjhGV7g1UmdN+fd+Vi0Fpx85hj+lPP5AwUWkSk=</ latexit><latexit sha1_base64=" cHCs1gbgkjJed3I3g4cAmhHa2Ck=">AAAB83icbZBNSw MxEIZn61etX1WPXoJF8CBlVwR7LHjxWMXWQruUbDrbhm azS5ItltJ/4FUv3sSrP0jwx5hu96CtA4GH951hJm+QCK 6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUOqE bBJTYNNwLbiUIaBQIfg9HN3H8co9I8lg9mkqAf0YHkIW fUWOnec3vlilt1syKr4OVQgbwavfJ3tx+zNEJpmKBadz w3Mf6UKsOZwFmpm2pMKBvRAXYsShqhvtDjQQb+9Cm7eU bOrNcnYazsk4Zk6u/ZKY20nkSB7YyoGeplby7+53VSE9 b8KZdJalCyxaIwFcTEZB4A6XOFzIiJBcoUt1cTNqSKMm NjKtk4vOXPr0LrsupZvruq1Gt5MEU4gVM4Bw+uoQ630I AmMAjhGV7g1UmdN+fd+Vi0Fpx85hj+lPP5AwUWkSk=</ latexit><latexit sha1_base64=" cHCs1gbgkjJed3I3g4cAmhHa2Ck=">AAAB83icbZBNSw MxEIZn61etX1WPXoJF8CBlVwR7LHjxWMXWQruUbDrbhm azS5ItltJ/4FUv3sSrP0jwx5hu96CtA4GH951hJm+QCK 6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUOqE bBJTYNNwLbiUIaBQIfg9HN3H8co9I8lg9mkqAf0YHkIW fUWOnec3vlilt1syKr4OVQgbwavfJ3tx+zNEJpmKBadz w3Mf6UKsOZwFmpm2pMKBvRAXYsShqhvtDjQQb+9Cm7eU bOrNcnYazsk4Zk6u/ZKY20nkSB7YyoGeplby7+53VSE9 b8KZdJalCyxaIwFcTEZB4A6XOFzIiJBcoUt1cTNqSKMm NjKtk4vOXPr0LrsupZvruq1Gt5MEU4gVM4Bw+uoQ630I AmMAjhGV7g1UmdN+fd+Vi0Fpx85hj+lPP5AwUWkSk=</ latexit>
11
<latexit sha1_base64="zXTuQXNLGvFd9x57SKam+S tFX5A=">AAAB83icbZBNSwMxEIZn61etX1WPXoJF8CBlVwR7LHjxWMXWQruUbDrbhmazS5ItltJ/4FUv3sSrP0jw x5hu96CtA4GH951hJm+QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUOqEbBJTYNNwLbiUIaBQIfg9HN 3H8co9I8lg9mkqAf0YHkIWfUWOne83rlilt1syKr4OVQgbwavfJ3tx+zNEJpmKBadzw3Mf6UKsOZwFmpm2pMKBvR AXYsShqhvtDjQQb+9Cm7eUbOrNcnYazsk4Zk6u/ZKY20nkSB7YyoGeplby7+53VSE9b8KZdJalCyxaIwFcTEZB4A 6XOFzIiJBcoUt1cTNqSKMmNjKtk4vOXPr0LrsupZvruq1Gt5MEU4gVM4Bw+uoQ630IAmMAjhGV7g1UmdN+fd+Vi0 Fpx85hj+lPP5AwakkSo=</latexit><latexit sha1_base64="zXTuQXNLGvFd9x57SKam+S tFX5A=">AAAB83icbZBNSwMxEIZn61etX1WPXoJF8CBlVwR7LHjxWMXWQruUbDrbhmazS5ItltJ/4FUv3sSrP0jw x5hu96CtA4GH951hJm+QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUOqEbBJTYNNwLbiUIaBQIfg9HN 3H8co9I8lg9mkqAf0YHkIWfUWOne83rlilt1syKr4OVQgbwavfJ3tx+zNEJpmKBadzw3Mf6UKsOZwFmpm2pMKBvR AXYsShqhvtDjQQb+9Cm7eUbOrNcnYazsk4Zk6u/ZKY20nkSB7YyoGeplby7+53VSE9b8KZdJalCyxaIwFcTEZB4A 6XOFzIiJBcoUt1cTNqSKMmNjKtk4vOXPr0LrsupZvruq1Gt5MEU4gVM4Bw+uoQ630IAmMAjhGV7g1UmdN+fd+Vi0 Fpx85hj+lPP5AwakkSo=</latexit><latexit sha1_base64="zXTuQXNLGvFd9x57SKam+S tFX5A=">AAAB83icbZBNSwMxEIZn61etX1WPXoJF8CBlVwR7LHjxWMXWQruUbDrbhmazS5ItltJ/4FUv3sSrP0jw x5hu96CtA4GH951hJm+QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUOqEbBJTYNNwLbiUIaBQIfg9HN 3H8co9I8lg9mkqAf0YHkIWfUWOne83rlilt1syKr4OVQgbwavfJ3tx+zNEJpmKBadzw3Mf6UKsOZwFmpm2pMKBvR AXYsShqhvtDjQQb+9Cm7eUbOrNcnYazsk4Zk6u/ZKY20nkSB7YyoGeplby7+53VSE9b8KZdJalCyxaIwFcTEZB4A 6XOFzIiJBcoUt1cTNqSKMmNjKtk4vOXPr0LrsupZvruq1Gt5MEU4gVM4Bw+uoQ630IAmMAjhGV7g1UmdN+fd+Vi0 Fpx85hj+lPP5AwakkSo=</latexit><latexit sha1_base64="zXTuQXNLGvFd9x57SKam+S tFX5A=">AAAB83icbZBNSwMxEIZn61etX1WPXoJF8CBlVwR7LHjxWMXWQruUbDrbhmazS5ItltJ/4FUv3sSrP0jw x5hu96CtA4GH951hJm+QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUOqEbBJTYNNwLbiUIaBQIfg9HN 3H8co9I8lg9mkqAf0YHkIWfUWOne83rlilt1syKr4OVQgbwavfJ3tx+zNEJpmKBadzw3Mf6UKsOZwFmpm2pMKBvR AXYsShqhvtDjQQb+9Cm7eUbOrNcnYazsk4Zk6u/ZKY20nkSB7YyoGeplby7+53VSE9b8KZdJalCyxaIwFcTEZB4A 6XOFzIiJBcoUt1cTNqSKMmNjKtk4vOXPr0LrsupZvruq1Gt5MEU4gVM4Bw+uoQ630IAmMAjhGV7g1UmdN+fd+Vi0 Fpx85hj+lPP5AwakkSo=</latexit>
12
<latexit sha1_base64="R/V1Zgt3jK4jM2wIKVvL7U 1mPAY=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuJAyUwS7LLhxWcVeoB1KJs20oZlkSDLFMvQN3OrGnbj1gQQf xnQ6C209EPj4/3M4J38Qc6aN6345hY3Nre2d4m5pb//g8Kh8fNLWMlGEtojkUnUDrClngrYMM5x2Y0VxFHDaCSa3 C78zpUozKR7NLKZ+hEeChYxgY6UHrzYoV9yqmxVaBy+HCuTVHJS/+0NJkogKQzjWuue5sfFTrAwjnM5L/UTTGJMJ HtGeRYEjqq/0dJSBnz5lN8/RhfWGKJTKPmFQpv6eTXGk9SwKbGeEzVivegvxP6+XmLDup0zEiaGCLBeFCUdGokUA aMgUJYbPLGCimL0akTFWmBgbU8nG4a1+fh3atapn+f660qjnwRThDM7hEjy4gQbcQRNaQCCEZ3iBVydx3px352PZ WnDymVP4U87nDwgykSs=</latexit><latexit sha1_base64="R/V1Zgt3jK4jM2wIKVvL7U 1mPAY=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuJAyUwS7LLhxWcVeoB1KJs20oZlkSDLFMvQN3OrGnbj1gQQf xnQ6C209EPj4/3M4J38Qc6aN6345hY3Nre2d4m5pb//g8Kh8fNLWMlGEtojkUnUDrClngrYMM5x2Y0VxFHDaCSa3 C78zpUozKR7NLKZ+hEeChYxgY6UHrzYoV9yqmxVaBy+HCuTVHJS/+0NJkogKQzjWuue5sfFTrAwjnM5L/UTTGJMJ HtGeRYEjqq/0dJSBnz5lN8/RhfWGKJTKPmFQpv6eTXGk9SwKbGeEzVivegvxP6+XmLDup0zEiaGCLBeFCUdGokUA aMgUJYbPLGCimL0akTFWmBgbU8nG4a1+fh3atapn+f660qjnwRThDM7hEjy4gQbcQRNaQCCEZ3iBVydx3px352PZ WnDymVP4U87nDwgykSs=</latexit><latexit sha1_base64="R/V1Zgt3jK4jM2wIKVvL7U 1mPAY=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuJAyUwS7LLhxWcVeoB1KJs20oZlkSDLFMvQN3OrGnbj1gQQf xnQ6C209EPj4/3M4J38Qc6aN6345hY3Nre2d4m5pb//g8Kh8fNLWMlGEtojkUnUDrClngrYMM5x2Y0VxFHDaCSa3 C78zpUozKR7NLKZ+hEeChYxgY6UHrzYoV9yqmxVaBy+HCuTVHJS/+0NJkogKQzjWuue5sfFTrAwjnM5L/UTTGJMJ HtGeRYEjqq/0dJSBnz5lN8/RhfWGKJTKPmFQpv6eTXGk9SwKbGeEzVivegvxP6+XmLDup0zEiaGCLBeFCUdGokUA aMgUJYbPLGCimL0akTFWmBgbU8nG4a1+fh3atapn+f660qjnwRThDM7hEjy4gQbcQRNaQCCEZ3iBVydx3px352PZ WnDymVP4U87nDwgykSs=</latexit><latexit sha1_base64="R/V1Zgt3jK4jM2wIKVvL7U 1mPAY=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuJAyUwS7LLhxWcVeoB1KJs20oZlkSDLFMvQN3OrGnbj1gQQf xnQ6C209EPj4/3M4J38Qc6aN6345hY3Nre2d4m5pb//g8Kh8fNLWMlGEtojkUnUDrClngrYMM5x2Y0VxFHDaCSa3 C78zpUozKR7NLKZ+hEeChYxgY6UHrzYoV9yqmxVaBy+HCuTVHJS/+0NJkogKQzjWuue5sfFTrAwjnM5L/UTTGJMJ HtGeRYEjqq/0dJSBnz5lN8/RhfWGKJTKPmFQpv6eTXGk9SwKbGeEzVivegvxP6+XmLDup0zEiaGCLBeFCUdGokUA aMgUJYbPLGCimL0akTFWmBgbU8nG4a1+fh3atapn+f660qjnwRThDM7hEjy4gQbcQRNaQCCEZ3iBVydx3px352PZ WnDymVP4U87nDwgykSs=</latexit>
1
<latexit sha1_base64="vcVOwOxCkvVzelBwAzfJ0C46RGw=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEIHqQk IthjwYvHFuwHtKFsttN26WYTdifFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEUhh03S9nY3Nre2e3sFfcPzg8Oi6dnLZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdTO4XfnsK2ohIPeIsBj9kIyWGgjO0pYbXL5XdipuJroOXQ5nk qvdL371BxJMQFHLJjOl6box+yjQKLmFe7CUGYsYnbARdi4qFYK7NdJSBnz5lK8/ppfUGdBhp+xTSrPp7NmWhMbMwsJ0hw7FZ9RbF/7xugsOqnwoVJwiKLz8aJpJiRBf304HQwFHOLDCuhd2a8jHTjKNNqWjj8FaPX4fWTcWz3Lgt16p5 MAVyTi7IFfHIHamRB1InTcIJkGfyQl4ddN6cd+dj2brh5DNn5I+czx+VSJDv</latexit><latexit sha1_base64="vcVOwOxCkvVzelBwAzfJ0C46RGw=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEIHqQk IthjwYvHFuwHtKFsttN26WYTdifFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEUhh03S9nY3Nre2e3sFfcPzg8Oi6dnLZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdTO4XfnsK2ohIPeIsBj9kIyWGgjO0pYbXL5XdipuJroOXQ5nk qvdL371BxJMQFHLJjOl6box+yjQKLmFe7CUGYsYnbARdi4qFYK7NdJSBnz5lK8/ppfUGdBhp+xTSrPp7NmWhMbMwsJ0hw7FZ9RbF/7xugsOqnwoVJwiKLz8aJpJiRBf304HQwFHOLDCuhd2a8jHTjKNNqWjj8FaPX4fWTcWz3Lgt16p5 MAVyTi7IFfHIHamRB1InTcIJkGfyQl4ddN6cd+dj2brh5DNn5I+czx+VSJDv</latexit><latexit sha1_base64="vcVOwOxCkvVzelBwAzfJ0C46RGw=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEIHqQk IthjwYvHFuwHtKFsttN26WYTdifFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEUhh03S9nY3Nre2e3sFfcPzg8Oi6dnLZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdTO4XfnsK2ohIPeIsBj9kIyWGgjO0pYbXL5XdipuJroOXQ5nk qvdL371BxJMQFHLJjOl6box+yjQKLmFe7CUGYsYnbARdi4qFYK7NdJSBnz5lK8/ppfUGdBhp+xTSrPp7NmWhMbMwsJ0hw7FZ9RbF/7xugsOqnwoVJwiKLz8aJpJiRBf304HQwFHOLDCuhd2a8jHTjKNNqWjj8FaPX4fWTcWz3Lgt16p5 MAVyTi7IFfHIHamRB1InTcIJkGfyQl4ddN6cd+dj2brh5DNn5I+czx+VSJDv</latexit><latexit sha1_base64="vcVOwOxCkvVzelBwAzfJ0C46RGw=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEIHqQk IthjwYvHFuwHtKFsttN26WYTdifFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEUhh03S9nY3Nre2e3sFfcPzg8Oi6dnLZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdTO4XfnsK2ohIPeIsBj9kIyWGgjO0pYbXL5XdipuJroOXQ5nk qvdL371BxJMQFHLJjOl6box+yjQKLmFe7CUGYsYnbARdi4qFYK7NdJSBnz5lK8/ppfUGdBhp+xTSrPp7NmWhMbMwsJ0hw7FZ9RbF/7xugsOqnwoVJwiKLz8aJpJiRBf304HQwFHOLDCuhd2a8jHTjKNNqWjj8FaPX4fWTcWz3Lgt16p5 MAVyTi7IFfHIHamRB1InTcIJkGfyQl4ddN6cd+dj2brh5DNn5I+czx+VSJDv</latexit>
2
<latexit sha1_base64="XRc0SVeK8nNODgl9CvCAv3JTK6U=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw EwSzDLhxmYB5QDKEnk5N0qTnQXdPMAz5Are6cSdu/SHBj7EzmYUmXmg41K2iq64XC660bX9Zha3tnd294n7p4PDo+KR8etZRUSIZtlkkItnzqELBQ2xrrgX2Yok08AR2ven90u/OUCoehY96HqMb0HHIfc6oNqVWbViu2FU7E9kEJ4cK 5GoOy9+DUcSSAEPNBFWq79ixdlMqNWcCF6VBojCmbErH2DcY0gDVjZqNM3DTp2zlBbky3oj4kTQv1CSr/p5NaaDUPPBMZ0D1RK17y+J/Xj/Rft1NeRgnGkO2+shPBNERWd5PRlwi02JugDLJzdaETaikTJuUSiYOZ/34TejUqo7h1m2l Uc+DKcIFXMI1OHAHDXiAJrSBAcIzvMCrpa036936WLUWrHzmHP7I+vwBltaQ8A==</latexit><latexit sha1_base64="XRc0SVeK8nNODgl9CvCAv3JTK6U=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw EwSzDLhxmYB5QDKEnk5N0qTnQXdPMAz5Are6cSdu/SHBj7EzmYUmXmg41K2iq64XC660bX9Zha3tnd294n7p4PDo+KR8etZRUSIZtlkkItnzqELBQ2xrrgX2Yok08AR2ven90u/OUCoehY96HqMb0HHIfc6oNqVWbViu2FU7E9kEJ4cK 5GoOy9+DUcSSAEPNBFWq79ixdlMqNWcCF6VBojCmbErH2DcY0gDVjZqNM3DTp2zlBbky3oj4kTQv1CSr/p5NaaDUPPBMZ0D1RK17y+J/Xj/Rft1NeRgnGkO2+shPBNERWd5PRlwi02JugDLJzdaETaikTJuUSiYOZ/34TejUqo7h1m2l Uc+DKcIFXMI1OHAHDXiAJrSBAcIzvMCrpa036936WLUWrHzmHP7I+vwBltaQ8A==</latexit><latexit sha1_base64="XRc0SVeK8nNODgl9CvCAv3JTK6U=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw EwSzDLhxmYB5QDKEnk5N0qTnQXdPMAz5Are6cSdu/SHBj7EzmYUmXmg41K2iq64XC660bX9Zha3tnd294n7p4PDo+KR8etZRUSIZtlkkItnzqELBQ2xrrgX2Yok08AR2ven90u/OUCoehY96HqMb0HHIfc6oNqVWbViu2FU7E9kEJ4cK 5GoOy9+DUcSSAEPNBFWq79ixdlMqNWcCF6VBojCmbErH2DcY0gDVjZqNM3DTp2zlBbky3oj4kTQv1CSr/p5NaaDUPPBMZ0D1RK17y+J/Xj/Rft1NeRgnGkO2+shPBNERWd5PRlwi02JugDLJzdaETaikTJuUSiYOZ/34TejUqo7h1m2l Uc+DKcIFXMI1OHAHDXiAJrSBAcIzvMCrpa036936WLUWrHzmHP7I+vwBltaQ8A==</latexit><latexit sha1_base64="XRc0SVeK8nNODgl9CvCAv3JTK6U=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw EwSzDLhxmYB5QDKEnk5N0qTnQXdPMAz5Are6cSdu/SHBj7EzmYUmXmg41K2iq64XC660bX9Zha3tnd294n7p4PDo+KR8etZRUSIZtlkkItnzqELBQ2xrrgX2Yok08AR2ven90u/OUCoehY96HqMb0HHIfc6oNqVWbViu2FU7E9kEJ4cK 5GoOy9+DUcSSAEPNBFWq79ixdlMqNWcCF6VBojCmbErH2DcY0gDVjZqNM3DTp2zlBbky3oj4kTQv1CSr/p5NaaDUPPBMZ0D1RK17y+J/Xj/Rft1NeRgnGkO2+shPBNERWd5PRlwi02JugDLJzdaETaikTJuUSiYOZ/34TejUqo7h1m2l Uc+DKcIFXMI1OHAHDXiAJrSBAcIzvMCrpa036936WLUWrHzmHP7I+vwBltaQ8A==</latexit>
3
<latexit sha1_base64="bYBwQZ425SHQ+1R/ez5pTLBUSQY=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw o4JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSaN4Nyxa7amcg6ODlU IFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzdtK vZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDmGSQ8Q==</latexit><latexit sha1_base64="bYBwQZ425SHQ+1R/ez5pTLBUSQY=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw o4JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSaN4Nyxa7amcg6ODlU IFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzdtK vZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDmGSQ8Q==</latexit><latexit sha1_base64="bYBwQZ425SHQ+1R/ez5pTLBUSQY=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw o4JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSaN4Nyxa7amcg6ODlU IFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzdtK vZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDmGSQ8Q==</latexit><latexit sha1_base64="bYBwQZ425SHQ+1R/ez5pTLBUSQY=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw o4JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSaN4Nyxa7amcg6ODlU IFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzdtK vZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDmGSQ8Q==</latexit>
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<latexit sha1_base64="Uo+b44l5nLNVxt2dHWriUtIm4m4=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw IwGzDLhxmYB5QDKEnk5P0qTnQXdNMAz5Are6cSdu/SHBj7EzmYUmXmg41K2iq64XS6HRtr+swtb2zu5ecb90cHh0fFI+PevoKFGMt1kkI9XzqOZShLyNAiXvxYrTwJO8603vl353xpUWUfiI85i7AR2HwheMoim1asNyxa7amcgmODlU IFdzWP4ejCKWBDxEJqnWfceO0U2pQsEkX5QGieYxZVM65n2DIQ24vtGzcQZu+pStvCBXxhsRP1LmhUiy6u/ZlAZazwPPdAYUJ3rdWxb/8/oJ+nU3FWGcIA/Z6iM/kQQjsryfjITiDOXcAGVKmK0Jm1BFGZqUSiYOZ/34TejcVh3DrVql Uc+DKcIFXMI1OHAHDXiAJrSBAYdneIFXC6036936WLUWrHzmHP7I+vwBmfKQ8g==</latexit><latexit sha1_base64="s9SJNBy72bSMwz9oBwCOzoZwJRk=">AAAB7nicbZBNS8NAEIY39avGr+rVy2IRPEhJ RLDHghePFewHtKFsttN26WYTdifFEvoLvOrFm1f/keCPcZvmoK0vLDzMO8POvGEihUHP+3JKW9s7u3vlfffg8Oj4pOKetk2cag4tHstYd0NmQAoFLRQooZtoYFEooRNO75d+ZwbaiFg94TyBIGJjJUaCM7Slx9tBperVvFx0E/wCqqRQ c1D57g9jnkagkEtmTM/3EgwyplFwCQu3nxpIGJ+yMfQsKhaBuTazcQ5B9pyvvKCX1hvSUaztU0jz6u/ZjEXGzKPQdkYMJ2bdWxb/83opjupBJlSSIii++miUSooxXd5Ph0IDRzm3wLgWdmvKJ0wzjjYl18bhrx+/Ce2bmm+52qgXsZTJ ObkgV8Qnd6RBHkiTtAgnQF7IK3lz0Hl3PlaNJaeYOCN/5Hz+AB2Sj74=</latexit><latexit sha1_base64="s9SJNBy72bSMwz9oBwCOzoZwJRk=">AAAB7nicbZBNS8NAEIY39avGr+rVy2IRPEhJ RLDHghePFewHtKFsttN26WYTdifFEvoLvOrFm1f/keCPcZvmoK0vLDzMO8POvGEihUHP+3JKW9s7u3vlfffg8Oj4pOKetk2cag4tHstYd0NmQAoFLRQooZtoYFEooRNO75d+ZwbaiFg94TyBIGJjJUaCM7Slx9tBperVvFx0E/wCqqRQ c1D57g9jnkagkEtmTM/3EgwyplFwCQu3nxpIGJ+yMfQsKhaBuTazcQ5B9pyvvKCX1hvSUaztU0jz6u/ZjEXGzKPQdkYMJ2bdWxb/83opjupBJlSSIii++miUSooxXd5Ph0IDRzm3wLgWdmvKJ0wzjjYl18bhrx+/Ce2bmm+52qgXsZTJ ObkgV8Qnd6RBHkiTtAgnQF7IK3lz0Hl3PlaNJaeYOCN/5Hz+AB2Sj74=</latexit><latexit sha1_base64="s9SJNBy72bSMwz9oBwCOzoZwJRk=">AAAB7nicbZBNS8NAEIY39avGr+rVy2IRPEhJ RLDHghePFewHtKFsttN26WYTdifFEvoLvOrFm1f/keCPcZvmoK0vLDzMO8POvGEihUHP+3JKW9s7u3vlfffg8Oj4pOKetk2cag4tHstYd0NmQAoFLRQooZtoYFEooRNO75d+ZwbaiFg94TyBIGJjJUaCM7Slx9tBperVvFx0E/wCqqRQ c1D57g9jnkagkEtmTM/3EgwyplFwCQu3nxpIGJ+yMfQsKhaBuTazcQ5B9pyvvKCX1hvSUaztU0jz6u/ZjEXGzKPQdkYMJ2bdWxb/83opjupBJlSSIii++miUSooxXd5Ph0IDRzm3wLgWdmvKJ0wzjjYl18bhrx+/Ce2bmm+52qgXsZTJ ObkgV8Qnd6RBHkiTtAgnQF7IK3lz0Hl3PlaNJaeYOCN/5Hz+AB2Sj74=</latexit>
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<latexit sha1_base64="yrk9hGjzyWI4jariWsOiTZmZlk0=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw I4pZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlU IFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtK vZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDm4CQ8w==</latexit><latexit sha1_base64="yrk9hGjzyWI4jariWsOiTZmZlk0=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw I4pZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlU IFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtK vZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDm4CQ8w==</latexit><latexit sha1_base64="yrk9hGjzyWI4jariWsOiTZmZlk0=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw I4pZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlU IFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtK vZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDm4CQ8w==</latexit><latexit sha1_base64="yrk9hGjzyWI4jariWsOiTZmZlk0=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw I4pZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlU IFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtK vZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDm4CQ8w==</latexit>
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<latexit sha1_base64="8iWzsWlIfLWAPttoKBtqUWoDMGY=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCS iGC9Fbx4bMF+QBvKZrtpl242YXdSLKG/wKtevIlX/5Dgj3Gb5qCtLyw8zDvDzrx+LLhGx/myChubW9s7xd3S3v7B4VH5+KSto0RR1qKRiFTXJ5oJLlkLOQrWjRUjoS9Yx5/cL/zOlCnNI/mIs5h5IRlJHnBK0JSad4Nyxak6mex1cHOo QK7GoPzdH0Y0CZlEKojWPdeJ0UuJQk4Fm5f6iWYxoRMyYj2DkoRMX+npKAMvfcpWntsXxhvaQaTMk2hn1d+zKQm1noW+6QwJjvWqtyj+5/USDGpeymWcIJN0+VGQCBsje3G/PeSKURQzA4Qqbra26ZgoQtGkVDJxuKvHr0P7uuoabt5U 6rU8mCKcwTlcggu3UIcHaEALKDB4hhd4tdB6s96tj2VrwcpnTuGPrM8fobiQ9w==</latexit><latexit sha1_base64="8iWzsWlIfLWAPttoKBtqUWoDMGY=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCS iGC9Fbx4bMF+QBvKZrtpl242YXdSLKG/wKtevIlX/5Dgj3Gb5qCtLyw8zDvDzrx+LLhGx/myChubW9s7xd3S3v7B4VH5+KSto0RR1qKRiFTXJ5oJLlkLOQrWjRUjoS9Yx5/cL/zOlCnNI/mIs5h5IRlJHnBK0JSad4Nyxak6mex1cHOo QK7GoPzdH0Y0CZlEKojWPdeJ0UuJQk4Fm5f6iWYxoRMyYj2DkoRMX+npKAMvfcpWntsXxhvaQaTMk2hn1d+zKQm1noW+6QwJjvWqtyj+5/USDGpeymWcIJN0+VGQCBsje3G/PeSKURQzA4Qqbra26ZgoQtGkVDJxuKvHr0P7uuoabt5U 6rU8mCKcwTlcggu3UIcHaEALKDB4hhd4tdB6s96tj2VrwcpnTuGPrM8fobiQ9w==</latexit><latexit sha1_base64="8iWzsWlIfLWAPttoKBtqUWoDMGY=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCS iGC9Fbx4bMF+QBvKZrtpl242YXdSLKG/wKtevIlX/5Dgj3Gb5qCtLyw8zDvDzrx+LLhGx/myChubW9s7xd3S3v7B4VH5+KSto0RR1qKRiFTXJ5oJLlkLOQrWjRUjoS9Yx5/cL/zOlCnNI/mIs5h5IRlJHnBK0JSad4Nyxak6mex1cHOo QK7GoPzdH0Y0CZlEKojWPdeJ0UuJQk4Fm5f6iWYxoRMyYj2DkoRMX+npKAMvfcpWntsXxhvaQaTMk2hn1d+zKQm1noW+6QwJjvWqtyj+5/USDGpeymWcIJN0+VGQCBsje3G/PeSKURQzA4Qqbra26ZgoQtGkVDJxuKvHr0P7uuoabt5U 6rU8mCKcwTlcggu3UIcHaEALKDB4hhd4tdB6s96tj2VrwcpnTuGPrM8fobiQ9w==</latexit><latexit sha1_base64="8iWzsWlIfLWAPttoKBtqUWoDMGY=">AAAB8nicbZBNS8NAEIYn9avWr6pHL8EieJCS iGC9Fbx4bMF+QBvKZrtpl242YXdSLKG/wKtevIlX/5Dgj3Gb5qCtLyw8zDvDzrx+LLhGx/myChubW9s7xd3S3v7B4VH5+KSto0RR1qKRiFTXJ5oJLlkLOQrWjRUjoS9Yx5/cL/zOlCnNI/mIs5h5IRlJHnBK0JSad4Nyxak6mex1cHOo QK7GoPzdH0Y0CZlEKojWPdeJ0UuJQk4Fm5f6iWYxoRMyYj2DkoRMX+npKAMvfcpWntsXxhvaQaTMk2hn1d+zKQm1noW+6QwJjvWqtyj+5/USDGpeymWcIJN0+VGQCBsje3G/PeSKURQzA4Qqbra26ZgoQtGkVDJxuKvHr0P7uuoabt5U 6rU8mCKcwTlcggu3UIcHaEALKDB4hhd4tdB6s96tj2VrwcpnTuGPrM8fobiQ9w==</latexit>
8
<latexit sha1_base64="GKODS4+OU4icF2VnFa71zfVoe+c=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEIHqQk IthjwYvHFuwHtKFsttN26WYTdifFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEUhh03S9nY3Nre2e3sFfcPzg8Oi6dnLZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdTO4XfnsK2ohIPeIsBj9kIyWGgjO0pUa1Xyq7FTcTXQcvhzLJ Ve+XvnuDiCchKOSSGdP13Bj9lGkUXMK82EsMxIxP2Ai6FhULwVyb6SgDP33KVp7TS+sN6DDS9imkWfX3bMpCY2ZhYDtDhmOz6i2K/3ndBIdVPxUqThAUX340TCTFiC7upwOhgaOcWWBcC7s15WOmGUebUtHG4a0evw6tm4pnuXFbrlXz YArknFyQK+KRO1IjD6ROmoQTIM/khbw66Lw5787HsnXDyWfOyB85nz+gKpD2</latexit><latexit sha1_base64="GKODS4+OU4icF2VnFa71zfVoe+c=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEIHqQk IthjwYvHFuwHtKFsttN26WYTdifFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEUhh03S9nY3Nre2e3sFfcPzg8Oi6dnLZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdTO4XfnsK2ohIPeIsBj9kIyWGgjO0pUa1Xyq7FTcTXQcvhzLJ Ve+XvnuDiCchKOSSGdP13Bj9lGkUXMK82EsMxIxP2Ai6FhULwVyb6SgDP33KVp7TS+sN6DDS9imkWfX3bMpCY2ZhYDtDhmOz6i2K/3ndBIdVPxUqThAUX340TCTFiC7upwOhgaOcWWBcC7s15WOmGUebUtHG4a0evw6tm4pnuXFbrlXz YArknFyQK+KRO1IjD6ROmoQTIM/khbw66Lw5787HsnXDyWfOyB85nz+gKpD2</latexit><latexit sha1_base64="GKODS4+OU4icF2VnFa71zfVoe+c=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEIHqQk IthjwYvHFuwHtKFsttN26WYTdifFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEUhh03S9nY3Nre2e3sFfcPzg8Oi6dnLZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdTO4XfnsK2ohIPeIsBj9kIyWGgjO0pUa1Xyq7FTcTXQcvhzLJ Ve+XvnuDiCchKOSSGdP13Bj9lGkUXMK82EsMxIxP2Ai6FhULwVyb6SgDP33KVp7TS+sN6DDS9imkWfX3bMpCY2ZhYDtDhmOz6i2K/3ndBIdVPxUqThAUX340TCTFiC7upwOhgaOcWWBcC7s15WOmGUebUtHG4a0evw6tm4pnuXFbrlXz YArknFyQK+KRO1IjD6ROmoQTIM/khbw66Lw5787HsnXDyWfOyB85nz+gKpD2</latexit><latexit sha1_base64="GKODS4+OU4icF2VnFa71zfVoe+c=">AAAB8nicbZBNS8NAEIY3ftb6VfXoZbEIHqQk IthjwYvHFuwHtKFsttN26WYTdifFEvoLvOrFm3j1Dwn+GLdpDtr6wsLDvDPszBvEUhh03S9nY3Nre2e3sFfcPzg8Oi6dnLZMlGgOTR7JSHcCZkAKBU0UKKETa2BhIKEdTO4XfnsK2ohIPeIsBj9kIyWGgjO0pUa1Xyq7FTcTXQcvhzLJ Ve+XvnuDiCchKOSSGdP13Bj9lGkUXMK82EsMxIxP2Ai6FhULwVyb6SgDP33KVp7TS+sN6DDS9imkWfX3bMpCY2ZhYDtDhmOz6i2K/3ndBIdVPxUqThAUX340TCTFiC7upwOhgaOcWWBcC7s15WOmGUebUtHG4a0evw6tm4pnuXFbrlXz YArknFyQK+KRO1IjD6ROmoQTIM/khbw66Lw5787HsnXDyWfOyB85nz+gKpD2</latexit>
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<latexit sha1_base64="MmLvwhgVEshN6fC7vk6STOO1mtk=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw I0KyDLhxmYB5QDKEnk5P0qTnQXdNMAz5Are6cSdu/SHBj7EzmYUmXmg41K2iq64XS6HRtr+swtb2zu5ecb90cHh0fFI+PevoKFGMt1kkI9XzqOZShLyNAiXvxYrTwJO8603vl353xpUWUfiI85i7AR2HwheMoim1asNyxa7amcgmODlU IFdzWP4ejCKWBDxEJqnWfceO0U2pQsEkX5QGieYxZVM65n2DIQ24vtGzcQZu+pStvCBXxhsRP1LmhUiy6u/ZlAZazwPPdAYUJ3rdWxb/8/oJ+nU3FWGcIA/Z6iM/kQQjsryfjITiDOXcAGVKmK0Jm1BFGZqUSiYOZ/34TejcVh3DrbtK o54HU4QLuIRrcKAGDXiAJrSBAYdneIFXC6036936WLUWrHzmHP7I+vwBnpyQ9Q==</latexit><latexit sha1_base64="MmLvwhgVEshN6fC7vk6STOO1mtk=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw I0KyDLhxmYB5QDKEnk5P0qTnQXdNMAz5Are6cSdu/SHBj7EzmYUmXmg41K2iq64XS6HRtr+swtb2zu5ecb90cHh0fFI+PevoKFGMt1kkI9XzqOZShLyNAiXvxYrTwJO8603vl353xpUWUfiI85i7AR2HwheMoim1asNyxa7amcgmODlU IFdzWP4ejCKWBDxEJqnWfceO0U2pQsEkX5QGieYxZVM65n2DIQ24vtGzcQZu+pStvCBXxhsRP1LmhUiy6u/ZlAZazwPPdAYUJ3rdWxb/8/oJ+nU3FWGcIA/Z6iM/kQQjsryfjITiDOXcAGVKmK0Jm1BFGZqUSiYOZ/34TejcVh3DrbtK o54HU4QLuIRrcKAGDXiAJrSBAYdneIFXC6036936WLUWrHzmHP7I+vwBnpyQ9Q==</latexit><latexit sha1_base64="MmLvwhgVEshN6fC7vk6STOO1mtk=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw I0KyDLhxmYB5QDKEnk5P0qTnQXdNMAz5Are6cSdu/SHBj7EzmYUmXmg41K2iq64XS6HRtr+swtb2zu5ecb90cHh0fFI+PevoKFGMt1kkI9XzqOZShLyNAiXvxYrTwJO8603vl353xpUWUfiI85i7AR2HwheMoim1asNyxa7amcgmODlU IFdzWP4ejCKWBDxEJqnWfceO0U2pQsEkX5QGieYxZVM65n2DIQ24vtGzcQZu+pStvCBXxhsRP1LmhUiy6u/ZlAZazwPPdAYUJ3rdWxb/8/oJ+nU3FWGcIA/Z6iM/kQQjsryfjITiDOXcAGVKmK0Jm1BFGZqUSiYOZ/34TejcVh3DrbtK o54HU4QLuIRrcKAGDXiAJrSBAYdneIFXC6036936WLUWrHzmHP7I+vwBnpyQ9Q==</latexit><latexit sha1_base64="MmLvwhgVEshN6fC7vk6STOO1mtk=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw I0KyDLhxmYB5QDKEnk5P0qTnQXdNMAz5Are6cSdu/SHBj7EzmYUmXmg41K2iq64XS6HRtr+swtb2zu5ecb90cHh0fFI+PevoKFGMt1kkI9XzqOZShLyNAiXvxYrTwJO8603vl353xpUWUfiI85i7AR2HwheMoim1asNyxa7amcgmODlU IFdzWP4ejCKWBDxEJqnWfceO0U2pQsEkX5QGieYxZVM65n2DIQ24vtGzcQZu+pStvCBXxhsRP1LmhUiy6u/ZlAZazwPPdAYUJ3rdWxb/8/oJ+nU3FWGcIA/Z6iM/kQQjsryfjITiDOXcAGVKmK0Jm1BFGZqUSiYOZ/34TejcVh3DrbtK o54HU4QLuIRrcKAGDXiAJrSBAYdneIFXC6036936WLUWrHzmHP7I+vwBnpyQ9Q==</latexit>
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<latexit sha1_base64="LnV2+HHJb39u2fsC6iE5rZahO90=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw I6JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlU IFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtK vZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDnQ6Q9A==</latexit><latexit sha1_base64="LnV2+HHJb39u2fsC6iE5rZahO90=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw I6JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlU IFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtK vZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDnQ6Q9A==</latexit><latexit sha1_base64="LnV2+HHJb39u2fsC6iE5rZahO90=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw I6JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlU IFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtK vZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDnQ6Q9A==</latexit><latexit sha1_base64="LnV2+HHJb39u2fsC6iE5rZahO90=">AAAB8nicbZDLSgNBEEVr4ivGV9Slm8YguJAw I6JZBty4TMA8IBlCT6cnadLzoLsmGIZ8gVvduBO3/pDgx9iZzEITLzQc6lbRVdeLpdBo219WYWNza3unuFva2z84PCofn7R1lCjGWyySkep6VHMpQt5CgZJ3Y8Vp4Ene8Sb3C78z5UqLKHzEWczdgI5C4QtG0ZSat4Nyxa7amcg6ODlU IFdjUP7uDyOWBDxEJqnWPceO0U2pQsEkn5f6ieYxZRM64j2DIQ24vtLTUQZu+pStPCcXxhsSP1LmhUiy6u/ZlAZazwLPdAYUx3rVWxT/83oJ+jU3FWGcIA/Z8iM/kQQjsrifDIXiDOXMAGVKmK0JG1NFGZqUSiYOZ/X4dWhfVx3DzZtK vZYHU4QzOIdLcOAO6vAADWgBAw7P8AKvFlpv1rv1sWwtWPnMKfyR9fkDnQ6Q9A==</latexit>
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<latexit sha1_base64="cHCs1gbgkjJed3I3g4cAmhHa2Ck=">AAAB83icbZBNSwMxEIZn61etX1WPXoJF8CBl VwR7LHjxWMXWQruUbDrbhmazS5ItltJ/4FUv3sSrP0jwx5hu96CtA4GH951hJm+QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUOqEbBJTYNNwLbiUIaBQIfg9HN3H8co9I8lg9mkqAf0YHkIWfUWOnec3vlilt1syKr4OVQ gbwavfJ3tx+zNEJpmKBadzw3Mf6UKsOZwFmpm2pMKBvRAXYsShqhvtDjQQb+9Cm7eUbOrNcnYazsk4Zk6u/ZKY20nkSB7YyoGeplby7+53VSE9b8KZdJalCyxaIwFcTEZB4A6XOFzIiJBcoUt1cTNqSKMmNjKtk4vOXPr0LrsupZvruq 1Gt5MEU4gVM4Bw+uoQ630IAmMAjhGV7g1UmdN+fd+Vi0Fpx85hj+lPP5AwUWkSk=</latexit><latexit sha1_base64="cHCs1gbgkjJed3I3g4cAmhHa2Ck=">AAAB83icbZBNSwMxEIZn61etX1WPXoJF8CBl VwR7LHjxWMXWQruUbDrbhmazS5ItltJ/4FUv3sSrP0jwx5hu96CtA4GH951hJm+QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUOqEbBJTYNNwLbiUIaBQIfg9HN3H8co9I8lg9mkqAf0YHkIWfUWOnec3vlilt1syKr4OVQ gbwavfJ3tx+zNEJpmKBadzw3Mf6UKsOZwFmpm2pMKBvRAXYsShqhvtDjQQb+9Cm7eUbOrNcnYazsk4Zk6u/ZKY20nkSB7YyoGeplby7+53VSE9b8KZdJalCyxaIwFcTEZB4A6XOFzIiJBcoUt1cTNqSKMmNjKtk4vOXPr0LrsupZvruq 1Gt5MEU4gVM4Bw+uoQ630IAmMAjhGV7g1UmdN+fd+Vi0Fpx85hj+lPP5AwUWkSk=</latexit><latexit sha1_base64="cHCs1gbgkjJed3I3g4cAmhHa2Ck=">AAAB83icbZBNSwMxEIZn61etX1WPXoJF8CBl VwR7LHjxWMXWQruUbDrbhmazS5ItltJ/4FUv3sSrP0jwx5hu96CtA4GH951hJm+QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUOqEbBJTYNNwLbiUIaBQIfg9HN3H8co9I8lg9mkqAf0YHkIWfUWOnec3vlilt1syKr4OVQ gbwavfJ3tx+zNEJpmKBadzw3Mf6UKsOZwFmpm2pMKBvRAXYsShqhvtDjQQb+9Cm7eUbOrNcnYazsk4Zk6u/ZKY20nkSB7YyoGeplby7+53VSE9b8KZdJalCyxaIwFcTEZB4A6XOFzIiJBcoUt1cTNqSKMmNjKtk4vOXPr0LrsupZvruq 1Gt5MEU4gVM4Bw+uoQ630IAmMAjhGV7g1UmdN+fd+Vi0Fpx85hj+lPP5AwUWkSk=</latexit><latexit sha1_base64="cHCs1gbgkjJed3I3g4cAmhHa2Ck=">AAAB83icbZBNSwMxEIZn61etX1WPXoJF8CBl VwR7LHjxWMXWQruUbDrbhmazS5ItltJ/4FUv3sSrP0jwx5hu96CtA4GH951hJm+QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUOqEbBJTYNNwLbiUIaBQIfg9HN3H8co9I8lg9mkqAf0YHkIWfUWOnec3vlilt1syKr4OVQ gbwavfJ3tx+zNEJpmKBadzw3Mf6UKsOZwFmpm2pMKBvRAXYsShqhvtDjQQb+9Cm7eUbOrNcnYazsk4Zk6u/ZKY20nkSB7YyoGeplby7+53VSE9b8KZdJalCyxaIwFcTEZB4A6XOFzIiJBcoUt1cTNqSKMmNjKtk4vOXPr0LrsupZvruq 1Gt5MEU4gVM4Bw+uoQ630IAmMAjhGV7g1UmdN+fd+Vi0Fpx85hj+lPP5AwUWkSk=</latexit>
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<latexit sha1_base64="zXTuQXNLGvFd9x57SKam+StFX5A=">AAAB83icbZBNSwMxEIZn61etX1WPXoJF8CBl VwR7LHjxWMXWQruUbDrbhmazS5ItltJ/4FUv3sSrP0jwx5hu96CtA4GH951hJm+QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUOqEbBJTYNNwLbiUIaBQIfg9HN3H8co9I8lg9mkqAf0YHkIWfUWOne83rlilt1syKr4OVQ gbwavfJ3tx+zNEJpmKBadzw3Mf6UKsOZwFmpm2pMKBvRAXYsShqhvtDjQQb+9Cm7eUbOrNcnYazsk4Zk6u/ZKY20nkSB7YyoGeplby7+53VSE9b8KZdJalCyxaIwFcTEZB4A6XOFzIiJBcoUt1cTNqSKMmNjKtk4vOXPr0LrsupZvruq 1Gt5MEU4gVM4Bw+uoQ630IAmMAjhGV7g1UmdN+fd+Vi0Fpx85hj+lPP5AwakkSo=</latexit><latexit sha1_base64="zXTuQXNLGvFd9x57SKam+StFX5A=">AAAB83icbZBNSwMxEIZn61etX1WPXoJF8CBl VwR7LHjxWMXWQruUbDrbhmazS5ItltJ/4FUv3sSrP0jwx5hu96CtA4GH951hJm+QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUOqEbBJTYNNwLbiUIaBQIfg9HN3H8co9I8lg9mkqAf0YHkIWfUWOne83rlilt1syKr4OVQ gbwavfJ3tx+zNEJpmKBadzw3Mf6UKsOZwFmpm2pMKBvRAXYsShqhvtDjQQb+9Cm7eUbOrNcnYazsk4Zk6u/ZKY20nkSB7YyoGeplby7+53VSE9b8KZdJalCyxaIwFcTEZB4A6XOFzIiJBcoUt1cTNqSKMmNjKtk4vOXPr0LrsupZvruq 1Gt5MEU4gVM4Bw+uoQ630IAmMAjhGV7g1UmdN+fd+Vi0Fpx85hj+lPP5AwakkSo=</latexit><latexit sha1_base64="zXTuQXNLGvFd9x57SKam+StFX5A=">AAAB83icbZBNSwMxEIZn61etX1WPXoJF8CBl VwR7LHjxWMXWQruUbDrbhmazS5ItltJ/4FUv3sSrP0jwx5hu96CtA4GH951hJm+QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUOqEbBJTYNNwLbiUIaBQIfg9HN3H8co9I8lg9mkqAf0YHkIWfUWOne83rlilt1syKr4OVQ gbwavfJ3tx+zNEJpmKBadzw3Mf6UKsOZwFmpm2pMKBvRAXYsShqhvtDjQQb+9Cm7eUbOrNcnYazsk4Zk6u/ZKY20nkSB7YyoGeplby7+53VSE9b8KZdJalCyxaIwFcTEZB4A6XOFzIiJBcoUt1cTNqSKMmNjKtk4vOXPr0LrsupZvruq 1Gt5MEU4gVM4Bw+uoQ630IAmMAjhGV7g1UmdN+fd+Vi0Fpx85hj+lPP5AwakkSo=</latexit><latexit sha1_base64="zXTuQXNLGvFd9x57SKam+StFX5A=">AAAB83icbZBNSwMxEIZn61etX1WPXoJF8CBl VwR7LHjxWMXWQruUbDrbhmazS5ItltJ/4FUv3sSrP0jwx5hu96CtA4GH951hJm+QCK6N6345hbX1jc2t4nZpZ3dv/6B8eNTScaoYNlksYtUOqEbBJTYNNwLbiUIaBQIfg9HN3H8co9I8lg9mkqAf0YHkIWfUWOne83rlilt1syKr4OVQ gbwavfJ3tx+zNEJpmKBadzw3Mf6UKsOZwFmpm2pMKBvRAXYsShqhvtDjQQb+9Cm7eUbOrNcnYazsk4Zk6u/ZKY20nkSB7YyoGeplby7+53VSE9b8KZdJalCyxaIwFcTEZB4A6XOFzIiJBcoUt1cTNqSKMmNjKtk4vOXPr0LrsupZvruq 1Gt5MEU4gVM4Bw+uoQ630IAmMAjhGV7g1UmdN+fd+Vi0Fpx85hj+lPP5AwakkSo=</latexit>
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<latexit sha1_base64="R/V1Zgt3jK4jM2wIKVvL7U1mPAY=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuJAy UwS7LLhxWcVeoB1KJs20oZlkSDLFMvQN3OrGnbj1gQQfxnQ6C209EPj4/3M4J38Qc6aN6345hY3Nre2d4m5pb//g8Kh8fNLWMlGEtojkUnUDrClngrYMM5x2Y0VxFHDaCSa3C78zpUozKR7NLKZ+hEeChYxgY6UHrzYoV9yqmxVaBy+H CuTVHJS/+0NJkogKQzjWuue5sfFTrAwjnM5L/UTTGJMJHtGeRYEjqq/0dJSBnz5lN8/RhfWGKJTKPmFQpv6eTXGk9SwKbGeEzVivegvxP6+XmLDup0zEiaGCLBeFCUdGokUAaMgUJYbPLGCimL0akTFWmBgbU8nG4a1+fh3atapn+f66 0qjnwRThDM7hEjy4gQbcQRNaQCCEZ3iBVydx3px352PZWnDymVP4U87nDwgykSs=</latexit><latexit sha1_base64="R/V1Zgt3jK4jM2wIKVvL7U1mPAY=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuJAy UwS7LLhxWcVeoB1KJs20oZlkSDLFMvQN3OrGnbj1gQQfxnQ6C209EPj4/3M4J38Qc6aN6345hY3Nre2d4m5pb//g8Kh8fNLWMlGEtojkUnUDrClngrYMM5x2Y0VxFHDaCSa3C78zpUozKR7NLKZ+hEeChYxgY6UHrzYoV9yqmxVaBy+H CuTVHJS/+0NJkogKQzjWuue5sfFTrAwjnM5L/UTTGJMJHtGeRYEjqq/0dJSBnz5lN8/RhfWGKJTKPmFQpv6eTXGk9SwKbGeEzVivegvxP6+XmLDup0zEiaGCLBeFCUdGokUAaMgUJYbPLGCimL0akTFWmBgbU8nG4a1+fh3atapn+f66 0qjnwRThDM7hEjy4gQbcQRNaQCCEZ3iBVydx3px352PZWnDymVP4U87nDwgykSs=</latexit><latexit sha1_base64="R/V1Zgt3jK4jM2wIKVvL7U1mPAY=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuJAy UwS7LLhxWcVeoB1KJs20oZlkSDLFMvQN3OrGnbj1gQQfxnQ6C209EPj4/3M4J38Qc6aN6345hY3Nre2d4m5pb//g8Kh8fNLWMlGEtojkUnUDrClngrYMM5x2Y0VxFHDaCSa3C78zpUozKR7NLKZ+hEeChYxgY6UHrzYoV9yqmxVaBy+H CuTVHJS/+0NJkogKQzjWuue5sfFTrAwjnM5L/UTTGJMJHtGeRYEjqq/0dJSBnz5lN8/RhfWGKJTKPmFQpv6eTXGk9SwKbGeEzVivegvxP6+XmLDup0zEiaGCLBeFCUdGokUAaMgUJYbPLGCimL0akTFWmBgbU8nG4a1+fh3atapn+f66 0qjnwRThDM7hEjy4gQbcQRNaQCCEZ3iBVydx3px352PZWnDymVP4U87nDwgykSs=</latexit><latexit sha1_base64="R/V1Zgt3jK4jM2wIKVvL7U1mPAY=">AAAB83icbZDLSgMxFIbP1Futt6pLN8EiuJAy UwS7LLhxWcVeoB1KJs20oZlkSDLFMvQN3OrGnbj1gQQfxnQ6C209EPj4/3M4J38Qc6aN6345hY3Nre2d4m5pb//g8Kh8fNLWMlGEtojkUnUDrClngrYMM5x2Y0VxFHDaCSa3C78zpUozKR7NLKZ+hEeChYxgY6UHrzYoV9yqmxVaBy+H CuTVHJS/+0NJkogKQzjWuue5sfFTrAwjnM5L/UTTGJMJHtGeRYEjqq/0dJSBnz5lN8/RhfWGKJTKPmFQpv6eTXGk9SwKbGeEzVivegvxP6+XmLDup0zEiaGCLBeFCUdGokUAaMgUJYbPLGCimL0akTFWmBgbU8nG4a1+fh3atapn+f66 0qjnwRThDM7hEjy4gQbcQRNaQCCEZ3iBVydx3px352PZWnDymVP4U87nDwgykSs=</latexit>
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<latexit sha1_base64="0tjat07OZC/X0XVF9056I5 xyElo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4b t20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO/ /YRK81g+mkmCfkSHkoecUWOlhwuvX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i 11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIye5sMuEJmxMQS yhS3txI2oooyY8Mp2RC85ZdXSeuy6rlV775Wqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fw B87nD+DYjOo=</latexit><latexit sha1_base64="0tjat07OZC/X0XVF9056I5 xyElo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4b t20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO/ /YRK81g+mkmCfkSHkoecUWOlhwuvX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i 11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIye5sMuEJmxMQS yhS3txI2oooyY8Mp2RC85ZdXSeuy6rlV775Wqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fw B87nD+DYjOo=</latexit><latexit sha1_base64="0tjat07OZC/X0XVF9056I5 xyElo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4b t20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO/ /YRK81g+mkmCfkSHkoecUWOlhwuvX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i 11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIye5sMuEJmxMQS yhS3txI2oooyY8Mp2RC85ZdXSeuy6rlV775Wqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fw B87nD+DYjOo=</latexit><latexit sha1_base64="0tjat07OZC/X0XVF9056I5 xyElo=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiBT0WvXisYj+gDWWznbRLN5uwuxFK6D/w4kERr/4jb/4b t20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GtzO/ /YRK81g+mkmCfkSHkoecUWOlhwuvX664VXcOskq8nFQgR6Nf/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i 11JJI9R+Nr90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIye5sMuEJmxMQS yhS3txI2oooyY8Mp2RC85ZdXSeuy6rlV775Wqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fw B87nD+DYjOo=</latexit>
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Fig. 10: Example networks. Left image: 12-node ring graph with weight matrix A = I12 and
symmetric power profile with p̂sd = [0⊺5,−1,0⊺5,1]⊺. Right image: 12-node ring graph with
weight matrix A = I12 and asymmetric power profile with p̂sd = [0⊺2,−1,0⊺8,1]⊺.
We study the effect of scaling the power transmission on the solutions of the active
power flow equations (1.1) with thermal constraints (1.2). We start from P = 0 and
increase P by increment of 5 × 10−6 until the given solution of the active power flow
ceases to exist. For each P , we use the algorithm (5.1) with tolerance 10−6 to compute
the solutions of the active power flow equations (1.1) with thermal constraints (1.2).
The results of this simulation are shown in Figure 11.
Asymmetric
Symmetric
Winding Number1  10 +2 2
0
0.5
1
1.5
2
+3 3
P
Fig. 11: Solutions of active power flow equation with different winding numbers for symmetric
and asymmetric power profiles shown in Figure 10. For the symmetric power profile (left
image in Figure 10) the largest power capacity is for winding number 0. However, for the
asymmetric power profile (middle image in Figure 10) the largest power capacity is for
winding number −1.
Summary evaluation. The winding number 0 does not necessarily carry the maxi-
mum PC of a network. As illustrated in Figure 11, the winding number −1 carries the
largest network PC for the asymmetric supply/demand vector psd = P [02,−1,08,+1]⊺.
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For the asymmetric case, more power can flow along the left path when the winding
number is −1 than when the winding number is 0, due to the thermal constraint (1.2).
As a result, when the winding number is −1, the flow along the left path of the ring
is able to better relieve the capacity for the right path. △
6.2. Loop flows in IEEE RTS 24 testcase. The ongoing shift form fossil-
fueled power generation to renewable energy resources is leading to large changes
in the supply/demand structure of the power grids. One of the related issues is
the change to undesirable operating points, where large powers are flowing over the
network. In this part, we study the existence of undesirable operating points for the
modified IEEE RTS 24 testcase. The IEEE RTS 24 is a portion of the larger IEEE
RTS 96 testcase which is designed to study reliability of the power networks [23]. This
testcase can be described by a connected, undirected graph G with 24 buses and 34
branches. The nodal admittance matrix is denoted by Y ∈ C24×24. The set of nodes
are partitioned into load buses V1 and generator buses V2. The power demand (resp.
power supply) at node i ∈ V1 (resp. V2) is denoted by the ith element of psd. The
nominal parameters for the test cases can be found in [23] and is shown in the second
column of the Table (2). We first modify the branches in IEEE RTS 24 to be lossless
without shunt admittances. Since our theoretical results assume that all nodes are
PV nodes, MATPOWER’s solver is used to compute the voltage magnitudes at every
node [79]. Then the edge weights of G are set to aij = aji = ViVj Im(Yij) > 0. A cycle
basis for G is Σ = {σ1, . . . , σ11} where, for every i ∈ {1, . . . ,11}, the cycle σi is given
in Table 1.
Cycle basis for IEEE RTS 24
σ1 = (2,1,3,9,4,2) σ2 = (5,1,3,9,8,10,5)
σ3 = (10,6,2,4,9,8,10) σ4 = (11,10,8,9,11)
σ5 = (12,10,8,9,12) σ6 = (13,11,9,12,23,13)
σ7 = (13,12,23,13) σ8 = (16,15,24,3,9,11,14,16)
σ9 = (21,15,24,3,9,11,14,16,17,22,21) σ10 = (21,18,17,22,21)
σ11 = (23,20,19,16,14,11,9,12,23)
Table 1: A cycle basis Σ for the IEEE RTS 24 testcase
We also modify the nominal power supply/demand of the IEEE RTS 24 testcase.
The goal is to increase the penetration of renewable energy units and and remove
some of the synchronous generators. Our modification in the power supply/demand
of the IEEE RTS 24 testcase is illustrated in Figure 12. The modified supply/demand
vector is denoted by pmodsd and is given in the third column of Table 2.
Using the algorithm (5.1), we study the active power flow equation (1.1) and the
thermal constraints (1.2) with maximum power angle γ = 1.5 rad. First, we observe
that, for the nominal power supply/demand vector of IEEE RTS 24, there exists no
solution for this problem with a nonzero winding vector. However, for the modified
supply/demand vector pmodsd , there exists exactly one solution associated to the wind-
ing vector u = 011 and one solution associated to the winding vector u = [0⊺10,−1].
We then examine the computational efficiency of the projection iteration (5.3) for
checking the existence/finding solutions of the active power flow equations (1.1). We
assume that the cycle basis Σ illustrated in Table 1 is given. For every winding vector
u ∈ Img(wΣ), we focus on the u-winding balance equations (5.1). Then tfsolve is the
computational time for solving (5.1) using MATLAB’s fsolve and tsequence is the com-
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putational time for solving (5.1) using the projection iteration (5.3). For u = 011 and
u = [0⊺10,−1], the computational times tsequence and tfsolve are compared in Table (3).1
IEEE RTS 24
Node pnomsd (MW ) pmodsd (MW ) Node pnomsd (MW ) pmodsd (MW )
1
2
3
4
5
6
7
8
9
10
11
12
64.00
75.00−180.00−74.00−71.00−136.00
115.00−171.00−175.00−195.00
00.00
00.00
8.40
9.27−268.48−99.14−79.96−68.63
63.65−142.41−245.21
95.83
100.00
00.00
13
14
15
16
17
18
19
20
21
22
23
24
−129.00−194.00−102.00
55.00
00.00
67.00−181.00−128.00
400.00
300.00
660.00
00.00
−193.50−143.39−153.00
00.00
00.00
00.00
26.57
100.00
00.00
00.00
990.00
00.00
Table 2: Nominal supply/demand vector pnomsd versus modified supply/demand vector p
mod
sd .
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Fig. 12: (a) shows the original IEEE RTS 24 testcase with generator types and (b) shows
the modified IEEE RTS 24 testcase. The modifications in power supply/demand vector in
Figure (b) are: i) shutting down the hydro generator at node 22, the thermal generators at
node 1 and 2, and the nuclear generator at node 21 ii) adding solar energy generations at
nodes 1,2, 10, 11, 19, 20, 23.
1The computer specifications for these simulations are as follows: Processor Intel Core i5 @ 1.6
GHZ CPU and 4 GB RAM.
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Winding vector, u tsequence/tfsolve[0⊺11] 0.2463[0⊺10,−1] 0.0788
Table 3: Computation time for the projection iteration (5.3) for γ = 1.5 is denoted by tsequence
and for MATLAB’s fsolve is denoted by tfsolve. The values given in the table are the ratio
tsequence/tfsolve, averaged over 5 trials. The computations use a tolerance of 10−6.
Summary evaluation. We used the algorithm (5.1) to check for the existence/find
all solutions of the active power flow equations (1.1) for the nominal and modified
IEEE RTS 24 testcase. Table 3 shows that, for the nominal and modified IEEE RTS
24 testcase, the projection iteration (5.3) not only converges to the loop flow solutions
but also is faster than the MATLAB’s fsolve for checking the existence/computing
the solutions of the active power flow equations. △
7. Conclusion. In this paper, we have introduced two classes of network prob-
lems on the n-torus—flow networks and elastic networks—and we developed a rigorous
framework to study the multiple solutions of these problems. We extended Kirchoff’s
voltage law to networks with phase-valued (instead of real-valued) nodal variables,
and we showed how this law induces a partition of the n-torus into winding cells. We
demonstrated that these winding cells localize solutions of the flow and elastic net-
work problems, since each cell contains at most one solution. In order to compute the
solution in each winding cell (or determine that no solution exists), we proposed the
projection iteration, a novel contraction mapping. Finally, we presented several nu-
merical experiments, which investigate the notion of flow capacity and flow congestion
in different test cases, and we verified the accuracy and efficiency of our methods.
Much work remains on the connection of solutions of flow and elastic networks
with other phenomena in network systems. For power systems specifically, we have
already exploited the winding partition to derive sufficient conditions for transient
stability in AC grids [68]. But this work assumes lossless AC grids with constant
voltage magnitudes, and it is important to investigate power flows in more realistic
scenarios. See [66, 7] for recent work in this direction. It would also be interesting
to compare the performance of our flow network solver (5.1) to state-of-the-art power
flow solvers in the literature. Other numerical directions include applying our flow
network solver to study collective motion in engineering networks and the performance
of associative memory networks. In a more theoretical direction, it would be valuable
to apply the framework and analysis of this paper to study more general coupled
oscillator networks, such as FitzHugh–Nagumo and Hodgkin–Huxley models [15, 45,
20]. In particular, we envision that the winding partition may be useful in developing
analytic conditions for synchronization in coupled oscillator networks, which is one of
the central problems in this area of research [51, 9, 16].
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Appendix A. Basis-independent winding map.
One can define a basis-independent winding map on Tn0 . Let Ker
′(B) be the
dual space of the cycle space Ker(B) and let Σ′ = {v′σ1 , . . . , v′σm−n+1} be the dual
basis on Ker′(B), associated to the basis Σ = {vσ1 , . . . , vσm−n+1} on Ker(B), that is,
for every i, j ∈ {1. . . . ,m − n + 1}, we have v′σi(vσj) = δij . Define the winding map
w ∶ Tn0 → Ker′(B) by:
w(θ) = 1
2pi
m−n+1∑
i=1 (v⊺σi(B⊺θ))v′σi .(A.1)
The winding map wΣ in Definition 3.1(ii) is the representation of the map w in
equation (A.1) in the basis Σ′ = {v′σ1 , . . . , v′σm−n+1} for Ker′(B).
Appendix B. Section 2 proofs.
B.1. Proof of Theorem 2.1.
Proof. Before we proceed with the proof, we state a useful observation. Consider
the potential energy functionH(θ) = ∑(i,j)∈E aijHe(θi − θj) = ∑(i,j)∈E aijHe(dcc(θi, θj))
We fix e = (i, j) ∈ E and we show that He is differentiable at θ. Note that He is twice
differentiable. Since, θ ∈ Tn satisfies the angle constraint (2.1c), the counterclockwise
difference dcc is a differentiable function at θ ∈ Tn. This implies that He is differ-
entiable at θ. Let Σ be a cycle basis for graph G. Since θ ∈ Tn satisfies the angle
constraint (2.1c), by Theorem 3.4(i), there exists u ∈ Img(wΣ) such that θ ∈ ΩGu .
Now, using Theorem 3.5, there exists a one-to-one correspondence between θ ∈ ΩGu
and x ∈ Pu such that B⊺θ = B⊺x + 2piC†Σu. This implies that, for e = (i, j) ∈ E ,
∂
∂θi
dcc(θi, θj) = ∂
∂θi
(B⊺θ)e = ∂
∂xi
(B⊺x + 2piC†Σu)e = +1.(B.1)
Therefore, for every i ∈ {1, . . . , n},
∂H
∂θi
= ∑(k,j)∈E akj ∂∂θiHe(dcc(θk, θj)) = ∑(k,j)∈E akj dHedα (dcc(θk, θj)) ∂∂θi dcc(θk, θj)
= n∑
j=1aijhe(dcc(θi, θj)) = n∑j=1aijhe(θi − θj).(B.2)
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where for the last equality, we used the fact that dHe
dα
(α) = he(α), for every e ∈ E .
Now we go back to the proof of the theorem.
Regarding (i) Ô⇒ (ii), if (f, θ) is a solution to the flow network problem (2.3),
then using (2.1a), for every i ∈ {1, . . . , n},
(psd)i = n∑
j=1 f(i,j) = n∑j=1aijhe(θi − θj).
Using the equality (B.2), we obtain psd = ∇θH(θ). The constraint (2.3b) is the same as
the constraint (2.1c). Therefore, θ is a solution for the elastic network problem (2.3).
Regarding (ii) Ô⇒ (i), suppose θ is a solution for the elastic network prob-
lem (2.1). For every e = (i, j) ∈ E , define fe by
fe = aijhe(θi − θj).
Then note that, for every i ∈ {1, . . . , n},
(Bf)i = n∑
j=1 f(i,j) = n∑j=1aijhe(θi − θj) = ∂H∂θi (θ) = (∇θH(θ))i = (psd)i,
where the second last equality is because of equation (B.2). The constraint (2.1c) is
the same as the constraint (2.3b). Therefore, (f, θ) is a solution for the flow network
problem (2.1).
B.2. Proof of Theorem 2.2.
Proof. First note that since G is connected and acyclic, we have Ker(B⊺) ={0n−1}. This implies that f = AB⊺L†psd is the unique solution of the flow balance
equation (2.1a).
Regarding (i)⇒ (ii), note that, for every e ∈ E , he is an odd monotone function and∣(B⊺L†psd)e∣ ≤ maxy∈[−γ,γ] ∣he(y)∣. This implies that there exists a unique v ∈ Rn−1
with ∥v∥∞ ≤ γ such that he(ve) = (B⊺L†psd)e, for every e ∈ E . Moreover, since the
graph G is connected and acyclic, there exists a unique θ ∈ Tn, modulo rotations, such
that
ve = ∣θi − θj ∣, for all e = (i, j) ∈ E .
[16, Theorem 1] Thus, (f, θ) is a solution for the flow network problem (2.1).
Regarding (ii) ⇒ (i), if (f, θ) is a solution of the flow network problem (2.1), then
we have fe = aijhe(θi − θj), for every e = (i, j) ∈ E and therefore,
∣(B⊺L†psd)e∣ = ∣he(θi − θj)∣ ≤ max
y∈[−γ,γ] ∣he(y)∣, for all e = (i, j) ∈ E ,
where for the last inequality we used the fact that ∣θi − θj ∣ ≤ γ.
Appendix C. Section 3 proofs. It is worth mentioning that the proofs in this
section are completely independent of the results in Section 2.1. Therefore, we use
some of these results for proving Theorem 2.1.
C.1. Proof of Theorem 3.2.
Proof. Before we start the proof we make an observation. If σ is a cycle in graph
G and θ ∈ Tn0 , then it is easy to see that wσ(θ) = v⊺σ(B⊺θ).
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Regarding part (i), we use induction to show that wσ(θ) is an integer. We start
with nσ = 3. Consider the 3-cycle σ = (1,2,3,1). Suppose that nodes 1,2,3 are
contained in an arc of length less than or equal to pi as shown in Figure 6 (left). Then
we denote dcc(θ1, θ2) = α and dcc(θ2, θ3) = β. It is then clear that α + β < pi. But the
counterclockwise arc from node 3 to node 1 has length larger than pi. As a result, by
definition of the counterclockwise difference, we have dcc(θ3) = −α − β. This means
that
wσ(θ) = dcc(θ1, θ2) + dcc(θ2, θ3) + dcc(θ3, θ1) = α + β − α − β = 0.
Similar argument can be used to show that in Figure 6 (middle) and Figur 6 (right)
the winding number of σ is +1 and −1, respectively. Now suppose that, for k ∈ Z≥0,
wη(θ) is an integer for every cycle η with nη ≤ k. We show that every cycle with
length k + 1 has an integer winding number. Consider the cycle σ = (1,2, . . . , k + 1,1).
Define the cycles σ′ = (1,2,3,1) and σ′′ = (1,3, . . . , k + 1,1). Then a straightforward
calculation shows that vσ = vσ′ + vσ′′ . As a result, we have
wσ(θ) = v⊺σ(B⊺θ) = v⊺σ′(B⊺θ) + v⊺σ′′(B⊺θ) = wσ′(θ) +wσ′′(θ).
Since both σ′ and σ′′ has length less than or equal to k, we have wσ′(θ),wσ′′(θ) ∈ Z.
This implies that wσ(θ) ∈ Z.
Now suppose that σ = (1, . . . , nσ). Note that, for every α,β ∈ S1 such that∣α − β∣ ≤ γ we have ∣dcc(α,β)∣ ≤ γ. Thus
∣wσ(θ)∣ = 12pi ∣nσ∑
i=1dcc(θi, θi+1)∣ ≤ 12pi
nσ∑
i=1 ∣dcc(θi, θi+1)∣ ≤ 12pinσγ(θ).
Since wσ(θ) is an integer, we get ∣wσ(θ)∣ ≤ ⌊γnσ2pi ⌋. For the second inequality, note that∣dcc(α,β)∣ < pi. Thus
γ(θ)nσ
2pi
< nσ
2
.
This implies that ⌊γ(θ)nσ
2pi
⌋ < nσ
2
. Since ⌊γ(θ)nσ
2pi
⌋ is an integer, we have ⌊γ(θ)nσ
2pi
⌋ ≤⌈ nσ
2
⌉ − 1.
Regarding part (ii), first note that part (i) implies ∣wσi ∣ ≤ ⌈nσ2 ⌉ − 1, for every
i ∈ {1, . . . ,m − n + 1}. In turn, this implies that
Img(wΣ) ⊆ {[u1, . . . , um−n+1]⊺ ∣ ui ∈ Z, ∣ui∣ ≤ ⌈nσi/2⌉ − 1, for i ∈ {1, . . . ,m − n + 1}},
and therefore the winding map wΣ has a finite range. Moreover, the counterclockwise
angle difference map dcc ∶ T → [−pi,pi) is piecewise continuous on T. Thus wΣ ∶ Tn0 →
Zm−n+1 is a piecewise continuous map with a finite range. Therefore, the winding
map wΣ is piecewise constant and this completes the proof of part (ii).
C.2. Proof of Theorem 3.4.
Proof. Regarding part (i), it is clear that, for every u ∈ Img(wΣ), we have ΩGu ⊂
Tn0 . This implies that ⋃u∈Img(wΣ) ΩGu ⊆ Tn0 . Moreover, for every θ ∈ Tn0 , we have
θ ∈ ΩGwΣ(θ). Therefore, we have ⋃u∈Img(wΣ) ΩGu = Tn0 . Finally, by taking closure of
both side of this equality and noting that closure(Tn0 ) = Tn, we get⋃
u∈Img(wΣ) closure(ΩGu ) = Tn.
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Regarding part (ii), suppose that for some u ≠ v, we have θ ∈ ΩGu ∩ ΩGv . Then,
wΣ(θ) = u = v, which is a contradiction. Therefore, we have ΩGu ∩ΩGv = ∅.
C.3. Proof of Theorem 3.5.
Proof. Regarding part (i), fix θ ∈ ΩGu . By definition of the winding number, it is
easy to see that, for every cycle σ, we have wσ(θ) = 12piv⊺σ(B⊺θ). Applying this formula
to every cycle in the cycle basis Σ, we get u = wΣ(θ) = 12piCΣ(B⊺θ). Multiplying both
side of this equality by C†Σ, we get
2piC†Σu = C†ΣCΣ(B⊺θ).(C.1)
Note that, by properties of the Moore–Penrose inverse, we have CΣC
†
ΣCΣ = CΣ.
This means that Ker(CΣ) = Ker(C†ΣCΣ). In turn, by Lemma F.1(ii), we have
Ker(CΣ) = Img(B⊺). This implies that Ker(C†ΣCΣ) = Img(B⊺) and thus, using the
equation (C.1), there exists a unique x ∈ 1⊥n such that B⊺θ = B⊺x + 2piC†Σu. This
completes the proof of (i).
Regarding part (ii), we define the map ι ∶ ΩGu /S1 → Pu by
ι([θ]) = x,
where x ∈ 1⊥n is such that B⊺θ = B⊺x + 2piC†Σu. We show that ι is a one-to-one
correspondence between ΩGu /S1 and Pu. Consider the linear equations
CΣz = u.(C.2)
By Lemma F.1(iii), the system of linear equations (C.2) has an integer solution z. By
Lemma F.1(i), the matrix CΣ is of rank m−n+1 and thus it has linearly independent
rows. This implies that CΣC
†
Σ = Im−n+1. Therefore, we have CΣC†Σu = u and in turn
C†Σu is another solution for (C.2). Since both z and C
†
Σu are solutions for (C.2),
we have z − C†u ∈ Ker(CΣ). Using Theorem F.1(ii), we have Ker(CΣ) = Img(B⊺)
and there exists α ∈ 1⊥n such that z − C†Σu = B⊺α. Now, we define the open set
D = {x ∈ 1⊥n ∣ ∥B⊺x + 2piC†Σu∥∞ < pi}. We first show that the map ι is injective.
Suppose that [θ1], [θ2] ∈ ΩGu /S1 are such that ι([θ1]) = ι([θ2]) = x. This implies
that B⊺θ1 = B⊺θ2 = B⊺x + 2piC†Σu and as a result, we get θ1 = rots(θ2), for some
s ∈ [−pi,pi). This completes the proof of the fact that ι is injective. Now we show that
ι is surjective. Let x ∈D. Then we define θ ∈ S1 by
θ = mod(x − 2piα,2pi).
Suppose that e = (i, j) ∈ E . Then we have(B⊺θ)
e
= dcc(θi, θj) = (xi − 2piαi) − (xj − 2piαj) + 2pizi,
where the second equality is because of the fact that∣(xi − 2piαi) − (xj − 2piαj) + 2pizi∣ ≤ ∥B⊺x − 2piα + 2piz∥∞ = ∥B⊺x + 2piC†Σu∥∞ < pi.
Therefore, we have
B⊺θ = B⊺(x − 2piα) + 2piz = B⊺x + 2piC†Σu.
This implies that ι([θ]) = x and completes the surjectivity of the map ι. This com-
pletes the proof of part (ii).
Appendix D. Section 4 proofs.
34 S. JAFARPOUR, E. Y. HUANG, K. D. SMITH, AND FRANCESCO BULLO
D.1. Proof of Theorem 4.1.
Proof. Suppose that (f, φ) and (g,ψ) are two solutions for the flow network prob-
lem (2.1) with wΣ(φ) = wΣ(ψ) = u. Then, by Theorem 5.1, f and g satisfies the u
winding balance equation (5.1). Thus, we have f, g ∈ Fsd and
Tu(f) = f −LminPLmin(h−1γ (A−1f) − 2piC†Σu) = f
where the last equality holds because f satisfies (5.1a). Similarly, one can show that
Tu(g) = g. Thus, by Theorem 5.2(i), we get f = g. By the equivalence of parts (iii)
and (iv) in Theorem 5.2, we get that φ = ψ. As a result, there should exists at most
one solution for the flow network problem 2.1 with the phase angle in the winding cell
ΩGu .
D.2. Proof of Corollary 4.2.
Proof. Regarding part (i), the result is already proved in Theorem 4.1.
Regarding part (ii), suppose that (f, θ) is a solution of the flow network prob-
lem (2.1) such that θ ∈ ΩGu . Suppose that Σ is a cycle basis for G with length at most
k. Then, for every σ ∈ Σ,
∣wσ(θ)∣ = 12pi ∣nσ∑
i=1dcc(θi, θi+1)∣ ≤ 12pi
nσ∑
i=1 ∣dcc(θi, θi+1)∣ ≤ 12pikγ
where for the last equality we used nσ ≤ k and ∣dcc(θi, θi+1)∣ = ∣θi − θj ∣ ≤ γ. Since
wσ(θ) is an integer, we get ∣wσ(θ)∣ ≤ ⌊kγ2pi ⌋. As a result, we should have ∥u∥∞ ≤ ⌊kγ2pi ⌋.
This implies that, if ∥u∥∞ > ⌊kγ2pi ⌋, there is no solution (f, θ) for the flow network
problem (2.1) such that θ ∈ ΩGu .
D.3. Proof of Theorem 4.3.
Proof. Regarding part (ii), note that Img(AB⊺) ⊕ Ker(B) = Rm. Therefore,
there exists a unique decomposition f = f cut + f cyc, where f cut ∈ Img(AB⊺) and
f cyc ∈ Ker(B). Additionally, the flow vector f ∈ Rm satisfies the flow balance
equation (2.1a), that is Bf = psd. Note that f cyc ∈ Ker(B) and this implies that
Bf cut = psd. Moreover, fcut ∈ Img(AB⊺) and therefore there exists x ∈ 1⊥n such
that f cut = AB⊺x. This implies that BAB⊺x = Lx = psd. Finally, one can compute
f cut = AB⊺x = AB⊺L†psd. This completes the proof of part (ii).
Regarding part (iii), note that, we have psd = Bf = Bg. This implies that B(f −
g) = 0 and in turn f − g ∈ Ker(B).
Regarding part (iv), given φ = ψ, it is trivial to see that f = g. Now suppose
that, for φ,ψ, we have f = g. This implies that, for every e = (i, j) ∈ E , we have
he(φi −φj) = he(ψi −ψj). Since he is monotone on the interval [−γ, γ], it is invertible
on this interval. This implies that φi − φj = ψi − ψj , for every (i, j) ∈ E . This means
that B⊺φ = B⊺ψ. By Theorem 3.5(i), there exists x,y ∈ 1⊥n such that
B⊺φ = B⊺x + 2piC†Σ(wΣ(φ)),
B⊺ψ = B⊺y + 2piC†Σ(wΣ(ψ))
We multiply both side of the above equations by CΣ. Note that, by Lemma F.1(ii)
we have Ker(CΣ) = Img(B⊺). This implies that
CΣC
†
Σ(wΣ(ψ) −wΣ(φ)) = 0m−n+1.
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By Lemma F.1(i), the matrix CΣ is of rank m − n + 1 and therefore CΣ has linearly
independent rows. Thus, CΣC
†
Σ = Im−n+1 and this implies that wΣ(ψ) = wΣ(φ). Now
suppose that wΣ(ψ) = wΣ(φ), the (f, φ) and (g,ψ) are two solutions for the flow
network problem (2.1) with the property that φ,ψ ∈ ΩGu . Thus, by Theorem (4.1), we
have f = g and φ = ψ modulo rotations. Finally, if φ = rots(ψ) for some s ∈ [−pi,pi),
then by equation (2.1b), it is clear that f = g.
Regarding part (v), we start by introducing the function h ∶ Rm → Rm defined by(h(y))e = he(ye), for every e ∈ E .
By the angle constraint (2.1c), for every e ∈ E , we have ∣θi − θj ∣ ≤ γ and ∣ψi − ψj ∣ ≤ γ.
Note also that, for every e ∈ E , the flow he is a strictly increasing on the interval[−γ, γ]. This implies that
aij ((φi − φj) − (ψi − ψj)) (he(φi − φj) − he(ψi − ψj)) ≥ 0.
Summing the above equation over all e = (i, j) ∈ E , we get
(B⊺φ −B⊺ψ)⊺A (h(B⊺φ) − h(B⊺ψ)) ≥ 0.(D.1)
Moreover, by Theorem 3.4(i), there exists x,x′ ∈ 1⊥n such that
B⊺φ = B⊺x + 2piC†Σwσ(φ), B⊺ψ = B⊺x′ + 2piC†Σwσ(ψ).(D.2)
Replacing (D.2) into (D.1), we get(B⊺φ −B⊺ψ)⊺A(h(B⊺φ) − h(B⊺φ))= (B⊺(x − x′) + 2piC†Σ(wσ(φ) −wσ(ψ)))⊺A (h(B⊺φ) − h(B⊺φ))= (B⊺(x − x′))⊺A (h(B⊺φ) − h(B⊺φ))(D.3) + (2piC†Σ(wσ(φ) −wσ(ψ)))⊺A (h(B⊺φ) − h(B⊺φ)) .(D.4)
Note that the term (D.3) is
(B⊺(x − x′))⊺A (h(B⊺φ) − h(B⊺φ)) = (x − x′)⊺BA (h(B⊺φ) − h(B⊺φ)) .
Since (f, φ) and (g,ψ) are solutions for the flow network problem (2.1), we get
BA (h(B⊺φ) − h(B⊺φ)) = B(f − g) = psd − psd = 0n.
Therefore, the term (D.3) is equal to zero. Moreover, since σ is the only cycle for G,
we have C†Σ = 1nvσ. Therefore, the term (D.4) can be written as(2piC†Σ(wσ(φ) −wσ(ψ)))⊺A (h(B⊺φ) − h(B⊺φ))= 1
n
(wσ(φ) −wσ(ψ))v⊺σA (h(B⊺φ) − h(B⊺φ))
= 1
n
(wσ(φ) −wσ(ψ)) (v⊺σf − v⊺σg) .
Therefore, the inequality (D.1) can be written as 1
n
(wσ(φ) −wσ(ψ)) (v⊺σf − v⊺σg) ≥ 0.
This completes the proof of part (v).
Appendix E. Section 5 proofs. It is worth mentioning that the proofs in this
section are completely independent of the results in Section 4. Therefore, we use some
of the results in this section to prove Theorem 4.1.
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E.1. Proof of Theorem 5.1.
Proof. Regarding (i) Ô⇒ (ii), Suppose that (f, θ) is a solution of flow network
problem (2.1) with the property that θ ∈ ΩGu . First note, for every e = (i, j) ∈ E , we
have fe = aijhe(θi−θj) and thus a−1ij fe = he(θi−θj). Using the angle constraint (2.1c),
we have ∣θi − θj ∣ ∈ [−γ, γ], for every e = (i, j) ∈ E . This implies that∣fe∣ ≤ aijMe, for e = (i, j) ∈ E .(E.1)
On the other hand, for every y ∈ [−γ, γ] and every e = (i, j) ∈ E , we have he(y) =(hγ)e(y). This means that fe = aijhe(θi − θj) = aij(hγ)e(θi − θj). Since (hγ)e is
monotone on R, it is invertible and
θi − θj = (hγ)−1e (a−1ij fe).
In the vector form, we get
B⊺θ = h−1γ (A−1f).(E.2)
Using Theorem 3.5(i), there exists x ∈ 1⊥n such that B⊺x = B⊺α+ 2piC†Σu. Plugging in
the equation (E.2), we get
h−1γ (A−1f) − 2piC†Σu = B⊺x.(E.3)
Multiplying both side of equation (E.3) by PLmin and noting the fact thatPLminLminAB⊺α = 0m, we getPLminLminA (h−1γ (A−1f) − 2piC†Σu) = 0m.(E.4)
Combining inequality (E.1) with the equality (E.4), we deduce that f is a solution of
the u-winding balance equation (5.1).
Regarding (ii)Ô⇒ (i), suppose that f ∈ Rm is a solution for the u-winding balance
equation (5.1). Note that Ker(PLminLminA) = Img(B⊺). Thus, by equality (5.1b),
there exists x ∈ 1⊥n such that
h−1γ (A−1f) = B⊺x + 2piC†Σu.
Note that, by the constraint (5.1c), for every e = (i, j) ∈ E , we have
∣aijfe∣ ≤Me = max
y∈[−γ,γ]he(y).
Since, for each e ∈ E , (hγ)e is monotone on R and (hγ)e(y) = he(y), for every y ∈[−γ, γ], we get that
∥h−1γ (A−1f)∥∞ ≤ γ
As a result, we have
∥B⊺x + 2piC†Σu∥∞ ≤ γ(E.5)
Now, by Theorem 3.5(ii) there exists θ ∈ ΩGu such that B⊺θ = B⊺x + 2piC†Σu and thus
h−1γ (A−1f) = B⊺θ. On the other hand, for every y ∈ [−γ, γ] and every e = (i, j) ∈ E ,
we have he(y) = (hγ)e(y). As a result, for every e = (i, j) ∈ E ,
fe = aijhe(θi − θj).(E.6)
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Moreover, the inequality (E.5) implies that
∣θi − θj ∣ ≤ γ.(E.7)
The equations (E.6), (5.1a), and (E.7) imply that (f, θ) is a solution for the flow
network problem. Finally, we show that θ is the unique phase angle vector in ΩGu
for which (f, θ) is a solution of flow network problem (2.1). Suppose that (f, φ) is
another solution for flow network problem (2.1) with φ ∈ ΩGu . For every e = (i, j) ∈ E ,
we have fe = aijhe(θi − θj) = aijhe(φi − φj). Moreover, ∣θi − θj ∣ ≤ γ and ∣φi − φj ∣ ≤ γ
and he is monotone on [−γ, γ]. This implies that θi − θj = φi − φj , for every (i, j) ∈ E .
In the vector form, this leads to B⊺θ = B⊺φ. Note that θ, φ ∈ ΩGu . Thus, there exists
x,y ∈ Pu such that the one-to-one correspondence in Theorem 3.5(ii) maps θ to x and
maps φ to y. Using Theorem 3.5(i), we get
B⊺θ = B⊺x + 2piC†Σu
B⊺φ = B⊺y + 2piC†Σu
Since B⊺θ = B⊺φ, we get that B⊺(x − y) = 0m. Since G is strongly connected,
Ker(B⊺) = span{1n}. Since both x and y are in 1⊥n, this implies that x = y and as a
result θ = φ, modulo rotations.
E.2. Proof of Theorem 5.2. .
Proof. Regarding parts (i) and (ii), note that, for every η1, η2 ∈ Fsd,
Tu(η1) − Tu(η2) = η1 − η2 +PLminLminA (h−1γ (η1) − h−1γ (η2)) .
Since η1, η2 ∈ Fsd, we get η1 − η2 ∈ Ker(B). This implies that η1 − η2 = PLmin(η1 − η2).
As a result,
Tu(η1) − Tu(η2) = PLmin (η1 − η2 −LminA (h−1γ (η1) − h−1γ (η2))) .
For the brevity of notation, we introduce the positive diagonal matrix D ∈ Rm×m by
D = LminA. By the Mean Value Inequality [1, Proposition 2.4.7],∥Tu(η1) − Tu(η2)∥D ≤ sup
x∈Rm ∥PLmin (Im −Lmin∇h−1γ (x))∥D ∥η1 − η2∥D.
Using the fact that ∥x∥D = ∥D 12 x∥2, we get
∥PLmin (Im −Lmin∇h−1γ (x))∥D = ∥D 12PLmin (Im −Lmin∇h−1γ (x))D− 12 ∥2 .
Note that, by triangle inequality, we have
∥D 12PLmin(Im −Lmin∇h−1γ (x))D− 12 ∥2 ≤ ∥D 12PLminD− 12 ∥2 ∥D 12 (Im −Lmin∇h−1γ (x))D− 12 ∥2= ∥D 12 (Im −Lmin∇h−1γ (x))D− 12 ∥
2
,
where in the last inequality we used the fact that D
1
2PLminD− 12 is a symmetric idem-
potent matrix and therefore, its 2-norm is equal to 1. Moreover, for every x ∈ Rm,∇h−1γ (x) is a diagonal matrix such that, for every i ∈ {1, . . . ,m}, we have
∣(∇h−1γ (x))ii∣ ≤ (L−1max)ii, for all x ∈ Rm
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Additionally, by [28, Theorem 5.6.36], we have
∥D 12 (Im −Lmin∇h−1γ (x))D− 12 ∥
2
= ∥Im −Lmin∇h−1γ (x)∥∞ = maxi {∣1 − (Lmin)ii (∇h−1γ (x))ii∣} .
Note that, for every x ∈ Rm and every i ∈ {1, . . . ,m}, we have∣1 − (Lmin)ii (∇h−1γ (x))ii∣ ≤ ∥Im −LminL−1max∥∞ .
This implies that
sup
x∈Rm ∥D 12 (Im −Lmin∇h−1γ (x))D− 12 ∥2 = supx∈Rm ∥Im −Lmin∇h−1γ (x)∥∞ ≤ ∥Im −LminL−1max∥∞ .
As a result, we get∥Tu(η1) − Tu(η2)∥D ≤ ∥Im −LminL−1max∥∞ ∥η1 − η2∥D.(E.8)
Thus, Tu ∶ Fsd → Fsd is a contraction mapping with respect to the norm ∥.∥A on
the vector space Fsd. Therefore, by the Banach Fixed-point Theorem, there exists a
unique f∗ ∈ Fsd such that f∗ = Tu(f∗). This completes the proof of part (i).
Regarding part (ii), using the contraction property of Tu in equation (E.8), for
every k ∈ N, we get∥T (k+1)u (f0) − T (k)u (f0)∥D ≤ ∥Im −LminL−1max∥∞ ∥T (k)u (f0) − T (k−1)u (f0)∥D.
This implies that, for every k ∈ N, we have
∥T (k+1)u (f0) − T (k)u (f0)∥D ≤ ∥Im −LminL−1max∥k∞ ∥Tu(f0) − f0∥D.
Now we show the equivalence of the statements (iii) and (iv).
(iii) Ô⇒ (iv): Since f∗u is the limit point of the converging sequence {T ku}k∈N, we
have Tu(f∗u) = f∗u . Since Lmin ∈ Rm×m is an invertible diagonal matrix, we getPLminLminA(h−1γ (A−1f∗u) − 2piC†Σu) = 0m
Adding the condition that, for every e = (i, j) ∈ E , we have ∣(f∗u)e∣ ≤ aijMe, we
deduce that f∗u satisfies u-winding balance equation (5.1). Now we show that f∗u is
the unique solution of the u-winding balance equation (5.1). Suppose that there exists
g ∈ Rm such that g satisfies the u-winding balance equation (5.1). In this case, by
equation (5.1a), we have that g ∈ Fsd and
Tu(g) = g −PLminLminA(h−1γ (A−1g) − 2piC†Σu) = g,
where the last equality holds because of (5.1b). As a result g is a fixed-point for the
map Tu. Thus, by part (i), we should have g = limk→∞ T ku(g) = f∗u .
(iv) Ô⇒ (iii): Suppose that f∗u is a solution for the u-winding balance equa-
tion (5.1). It should satisfies the flow constraint condition (5.1c). This implies that∣(f∗u)e∣ ≤ aijMe, for every e = (i, j) ∈ E .
Regarding (iv) ⇐⇒ (v): the proof follows from Theorem 5.1 Moreover, if (f∗u , θ∗)
is the unique solution of the flow network problem (2.1) with θ∗ ∈ ΩGu , then, by the
proof of Theorem 5.1, there exists x ∈ 1⊥n such that B⊺x + 2piC†Σu = h−1γ (Af∗u). This
implies that
x = L†BA(h−1γ (A−1f∗u) − 2piC†Σu).
By Theorem 3.5(ii), we can identify x and θ∗ and thus θ∗ = L†BA(h−1γ (A−1f∗u) −
2piC†Σu).
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Appendix F. A useful lemma.
Lemma F.1 (Properties of the cycle-edge matrix). Given a cyclic connected
undirected graph G with cycle basis Σ = {σ1, . . . , σm−n+1}, the following statements
hold:
(i) the matrix CΣ is of rank m − n + 1,
(ii) Ker(CΣ) = Img(B⊺),
(iii) the system of equations CΣz = v, for v ∈ Img(wΣ), has an integer solution.
Proof. Regarding part (i), note that rank of the matrix CΣ is equal to the number
of linearly independent rows in CΣ. By definition, the set {σ1, . . . , σm−n+1} consists
of linearly independent vectors in Rm and thus rank of CΣ is equal to m − n + 1.
Regarding part (ii), we first show that Img(B⊺) ⊆ Ker(CΣ). Suppose that y ∈
Img(B⊺). Then there exists x ∈ Rn such that y = B⊺x. Thus, for every i ∈ {1, . . . ,m−
n + 1}, we get
v⊺σiy = v⊺σiB⊺x = (Bvσi)⊺x = 0,
where the last equality holds since vσ ∈ Ker(B), for every cycle σ. This means that
CΣy = 0 or equivalently y ∈ Ker(CΣ). Therefore, Img(B⊺) ⊆ Ker(CΣ). In turn, using
the result in part (i), rank of the matrix CΣ is m − n + 1. Thus, by the rank-nullity
theorem, we have
dim(Ker(CΣ)) =m − (m − n + 1) = n − 1 = dim(Img(B⊺)).
As a result, we have Img(B⊺) = Ker(CΣ).
Regarding part (iii), suppose that Σ′ is an integral cycle basis for G (for a defini-
tion and existence of an integral cycle basis see [33]). Since Σ is a cycle basis for G,
there exists an invertible integer matrix T ∈ R(m−n+1)×(m−n+1) such that
vσ′i = n∑
j=1 tjivσj .
This implies that CΣ′ = TCΣ. We first show that the system of linear equations
CΣ′z = Tu has an integer solution. Note that rank of the matrix CΣ′ is m − n + 1.
Let T be a spanning tree in G and without loss of generality, assume that the first
m − n + 1 column of CΣ′ are associated with the edges that are not in the spanning
tree T . Then, we define the matrix ĈΣ′ ∈ R(m−n+1)×(m−n+1) as follows:
ĈΣ′ = [(CΣ′)1 . . . (CΣ′)m−n+1] .
where (CΣ′)i the ith column of the matrix CΣ′ . Since Σ′ is an integral base, by [33,
Theorem 3.4], we have ∣det(ĈΣ′)∣ = 1. Since the matrix ĈΣ′ has integer entries, by [37,
Theorem 1], there exists matrices U,V ∈ Z(m−n+1)×(m−n+1) with ∣det(U)∣ = ∣det(V )∣ =
1 such that
UĈΣ′V = B = diag(b1, . . . , bm−n+1),
where bi are positive integers and bi∣bi+1, for every i ∈ {1, . . . ,m − n}. Note that∣det(ĈΣ′)∣ = 1 implies that ∣det(B)∣ = 1 which in turn implies that ∣bi∣ = 1, for every
i ∈ {1, . . . ,m − n + 1}. Therefore, by [37, Proposition 2], for every v ∈ Z(m−n+1),
there exists an integer solution x ∈ Z(m−n+1) such that ĈΣ′(x) = Tu. Then it is
straightforward to see that the integer vector z ∈ Zm defined by
z = [ x
0n−1]
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is a solution for the system of equations CΣ′z = Tu. This means that TCΣz = Tu and
since T is invertible, we have CΣz = u. This completes the proof of Lemma F.1.
Appendix G. Computational complexity of the projection iteration.
In this appendix, we study the computational complexity of the projection itera-
tion (5.3) for checking the existence/computing the solutions of flow network problems
in each winding cells. As a first step, we prove the following useful lemma.
Lemma G.1. Consider an undirected weighted connected graph G with a cycle
basis Σ. Then, for every u ∈ Img(wΣ), the system of linear equations
CΣz = u,(G.1)
can be solved in O(nm).
Proof. Let T be a spanning tree in G and, without loss of generality, assume thatE − ET = {e1, . . . , em−n+1}. Then, for every i ∈ {1, . . . ,m − n + 1}, we define the cycle
σ′i as follows:
σ′i = (i1, . . . , ik, i1),
where ei = (i1, ik) and (i1, . . . , ik) is the unique simple path in the spanning tree T
between nodes i1 and ik. Then one can easily show that Σ
′ = {σ′1, . . . , σ′m−n+1} is a
cycle basis for G. Since Σ is also a cycle basis for G, there exists an invertible matrix
R = {rij} such that
vσ′i = m−n+1∑
j=1 rjivσj(G.2)
Moreover, each cycle in G has at most n edges, it is easy to check that, at most n
entries in each rows of R are non-zero. Using equations (G.2), one can deduce that
CΣ′ = RCΣ. This implies that z is a solution for equations (G.1) if and only if it
is a solution for CΣ′z = Ru. Note that z = [0n−1,Ru]⊺ is a solution to CΣ′z = Ru
and therefore a solution to equations (G.1). Thus, by computing Ru, one can find
the solution to the linear systems of equations (G.1). Note R ∈ R(m−n+1)×(m−n+1)
and in each row of R there is at most n non-zero element. Thus, the computational
complexity of finding Ru and finding a solution for (G.1) is O(nm).
Now we can prove the main result of this appendix.
Theorem G.2 (Computational complexity of the projection iterations). Con-
sider the flow network problem (2.1) for (G,{he}e∈E , psd, γ), where G is an undirected
weighted graph with n nodes. Then, for every u ∈ Img(wΣ), the computational com-
plexity of the projection iteration (5.3) to check for the existence and/or compute the
solution of the flow network problem (2.1) in the winding cell ΩGu is O(n3) in time.
Proof. The computational time of the iterations (5.3) to check for the existence
and/or compute the solution of the flow network problem (2.1) is(Computational time for each iterations) × (the number of iterations) .(G.3)
If ρ ∈ R>0 is the tolerance of the numerical method, then, using Theorem 5.2(ii), the
number of iterations is bounded above by
log(ρ) − log (∥Tu(f0) − f0∥LminA)
log(∥Im −LminL−1max∥∞) ,
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which is independent of n and m. Therefore, the number of iterations is O(1). Now
we investigate the computational time for each iteration. For the iteration step k + 1,
we need to compute the terms f (k), LminPLminh−1γ (A−1f (k)), and LminPLminC†Σu and
then add them together. In what follows, we analyze the computational complexity
of each of these terms.
(i) The term f (k) has already been computed from step k.
(ii) Let D ∈ Rm be a diagonal matrix. then, for every η ∈ Rm, the computational
time for Dη is O(m).
(iii) Note that the functions hγ and h
−1
γ can be computed offline and therefore
computing h−1γ (A−1f (k)) can be done in O(m).
(iv) For every η ∈ Rm, we have
PLminη = η −LminAB⊺(BLminAB⊺)†Bη
In order to compute LminAB⊺(BLminAB⊺)†Bη, we consider the following
equality
B⊺(BLminAB⊺)†Bη = B⊺y,
where y is the solution to the linear equations BLminAB⊺y = Bη. Thus
computing B⊺(BLminAB⊺)†Bη is equivalent to computing y and then mul-
tiplying it by B⊺. Using the LU decomposition method, one can compute
y in O(n3) time [22, §3.2]. Moreover, each row in matrix B⊺ has exactly 2
nonzero element. Thus, given y, the term B⊺y can be computed in O(n) in
time. Therefore, the computational time for computing the term PLminη is inO(n3) in time.
(v) By parts (ii), (iii), and (iv), the computational time for the termPLminLminAh−1γ (A−1f (k)) is O(n3).
(vi) Since Ker(CΣ) = Img(B⊺) = Ker(PLminLminA), then we have
2piPLminLminAC†Σu = 2piPLminLminAz,
where z is the solution of the following linear system of equations
CΣz = u.
By Lemma G.1 ,z can be computed in O(mn). By parts (ii), (iii), and (iv),
2piPLminLminAz can be computed in O(n3).
Therefore, each iteration of the projection iteration can be computed in at mostO(n3) and, by equation (G.3), the projection iteration (5.3) can check the exis-
tence/compute the solutions of the flow network problem (2.1) in O(n3) × O(1) =O(n3) time.
